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FOREWORD

The mjor portion of the work siurited in this interim technical report

vas sponsored by the Aerospace Research Laboratories, Office of Aerolpace

Research, United States Air Force.Wright-Patterson Air Force Base, Ohio

under Contract A733(615)-2818. Work on this contract, technically monitored

by Dr. He L. Harter, is documented under Project 7071, Research in Applied

Mathematics. The tables for obtalulng the best linear invariant estimates

of parameters of the extreme-value distribution Vhich appear in Appendix C

vere calculated under the auspices of the Reliability Subdivision of the

Liquid Rocket Division at Rocketdyne, with the support of Contract NAS 8-19

(J2 Engine System Development). The initial work on the tables appearing

in Appendix D was also performed under the NAS contract.
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ABSTRACT

This report gives results concerning estimation of location and scale parameterr.

Most of the work pertains to the first extreme-value distribution of smallest

values, the distribution of the natural logarithms of failure times having the

tvo-parameter Weibull distribution. Experimental designs are derived,under the

assumption that log failure times are polynomial functions of the reciprocal of

stress level and have the extreme-value distribution, for over-stress life tests.

These designs yield least-squares curves with minimum variance at a specified

(nominal) stress level below the levels at which the life test is conducted.

An estimate of the extreme-value location parameter u associated with the nomi-

nal stress level and the relationship between u and stress level can be obtained

from the least-squares curve. Other extreme-value results apply to a life teat

conducted at a single fixed stress level.

Interval estimators (confidence bounds) are derived for the extreme-value scale

parameter b and for any location parameter of the form xR = u+bloglog(1/R)

where R is specified (the 100(1-R)percent point of the distribution). The bounds

for b and x1  are, respectively, based on two and three of the first a extreme-

value order statistics, XVSX , ..- , 'X2, and are of the form b(Xq- X.) and

Xv + k R(Xq-lp). For each combination of values of sample size n , censoring

number m, confidence level 1-a , and survival proportion R, an optimum choice

of p, q, and v has been made. The criterion used in the selection is that the

expected squared deviation of the bound from the parameter should be minimized.

For samples up to size 22, values of the constant kb corresponding to the opti-

mum combination of p and q are presented. Tables of values of kR are also

in preparation.
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For 2 t n ! 25, 2 rm f n, tables are given for estiaating b and xR,

where the estimator is best aiacm linear estlimtors vith expected loss invariant

under translations. These best linear invariant (BLI) estimtors have unifo.ily

ssaller expected loss than the Gauss-Wsrkov best linwr unbiased (B.TJ) estims-

tors and are simple linear funotions of the BLU est lmtors.

Expressions are derived for CrameS-Rao bounds for invariant estimators of general

location and scale parameters. These bounds are applied to the extreme-value

distribution, and compared with the expected l.osses of BLI and BLU estimators of

u, b, and xR, for certain values of R, for 2 tn ! 25, 2 %m 1n

The one problem considered which concerns the Gaussian rather than the extreme-

value distribution is the outlier problem for a size-three sample. One approach

to the problem involves a simplified Bayesian analysis. This leads to recommenda-

tions for estimators of the Gaussian location parameter which depend only on the

observations and a prior probability that the largest (or smallest) observed value

is an outlier.
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EXT.EME-VALUE DISTRIBUTION

EVALUATION OF CONFIDENCE B(wJNDS FOR DISTRIBUTION PERCENTAGE POIhMS AND FOR
THE SCALE PARAMETER

Appendix B gives an analysis of the problem of obtaining confidence

bounds on reliability parameters when the natural lo.parithms of failure times

have the Type I extreme-vwlue distribution of swillest values, a.d (n-m)/n

of the size n semple of ordered observations is censored from above. Exact

lower confidence bounds on log reliable life xR(the lO0(1-R) percent

point, where R is a specified survival proportion) are derived. These have

smallest mean squared deviation from xR among bounds of a specified form

based on three order statistics oUly. The computer program and various sub-

routines for generating the taoles for obtaining these bounds have been written.

The subroutines, which perform the numerical integration for calculating dis-

tribution percentage points, calculate the risk (the expected squared deviation)

of the bounds, read from tape the expected values, variances, and covariances

of the reduced extreme-value order statistics, generate first guesses for per-

centage points, sort and order the risks for the various combinations of order

statictics, etc.,are all working as desired, The caleulations based on the

program will be made on the Wright-Patterson direct-coupled system due to the

fact that a great deal of computer time will be required. This is true even

though an approximation is being made in order to decrease substantially the

number of distribution percentae4a points which will be calculated. If no such

approximation is made, then for each combination of confidence level Y and

specified R there are 20,615 percentiles vhich must be calcu.lated, if

only sample sizes 2, ), -.. , 20 are considereda. Since several :.econds, at

3.1
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least, appear to be required for calculating each percentage point, it might

take well over 2 days of ccmputer time to determine the necessary values if only

2 values each of y and R are considered.

It has therefore been decided %o choose the three order statistics on which

to base the bounds before calculating any percentage points. For each combination of

sample size n, censoring number m, and specified survival proportion R, the esti-

mator of N with smallest risk emong those based cc a linear combination, with

risk invariant under translations, of oce order statistic and the difference of

two order statistics will be selected. The three order statistice specified by

this estimation rule will then provide the basis for bounds at all confidence

levels for each corresponding combination of m, n, and R. Indications are that

very little increase in risk for the bounds will result from this procedure; and

the number of computations will be decreased by a factor of over 100.

There is no apparent method of comparing the bounds directly with bounds, such

as those obtained by Monte Carlo procedures by Johns and Lieberman L3], based on

all of the first m order statistics. It is possible, however, to coere the

risks for the three-order-statistic estimators described above with those of the

best linear invariant (BLI) estimators, approximations to which form the basis for

the bounA2 obtaine by Jtftn rind Lieberuan. This has been done for sample sizes 2,

3, .. , 17, and demonz,trates that the ratio of the risks of the BLI estimator and

the best three-order-statistic estimator of x as described above is 0.877 for
.90

n as large as 17 and m equal to n. Ratios of this type are being determined

for certain combinations of n, a, R., and will appear in a future report.

Also Include& will. be ratios of risks of the 3LI estimator and tU, best estmastor

ii ii m l l mm ~ l l m i m ~mm • lm2w



of the extreme-value scale parameter b based on the two order statistics

yielding the bound with smallest risk, for certain ccubinations of n, m, and

Ye

Table B.I, whieh provides the means for calculation of the upper confidence

bounds on b with smallest mean squared deviation from b among bounds based

on two order statistics only, is included in Appendix B . At the same time

distribution percentage points were being calculated as a basis for Table B.I,

the power function of the tests associated with the bounds were also calculated

for three prescribed values of b/b 0  (where the hypothesis tested is H: b 2 b0 ).

The calculations showed that the two-order-statistic bound with smallest risk

seems to be either uniformly most powerful, locally most powerful, or most power-

fuJ. for b/b 0 close to zero among two-order-statistic bounds* Moreover, when

another two-order-statistic bound has greater power than the one with smallest

risk for one of the prescribed values of b/bo, the difference between the

calculated values of the two is almost negligible.

MWR-BAO EFFiCM OF BST LINEAR IVARIANT ESTD•AORS

The paper included Ss Appendix D gives the derivation ef Cramer-Rac tyj.e

bounds for invariant estimators of a scale parameter 0 2 and location parameters

of the form el + Ae£, where (el', e2 is a location-scale parameter (that

is, f1 for some g). These bounds, which are appro-

1- 2 2 ~2

priate for the case in vhich any proportion of the sanple observations

may be censored, are shown to be functions of the bounds for unbuased esti-

mators They are applied specifically to invariant estimators of percentage

points of the first extreme-value distribution of smallest values

L|
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for the case in which (n-m)/n of a size n sample of ordered observations is

censored from above, The Cram~r-Rao efficiencies of the best linear invariant

estimators are then tabulated (see Table D.III) for the 10 percent point

(reliable life for a specified survival proportion R of 0.90) and 2 1 n ! 18.

Also tabulated on the basis of previous couputations and the derived result (see

Table D.I and Table D.II) are the mean squared errors of the best linear in-

variant and the best linear unbiased estimators, along with their respective

Cramer-Rao bounds, for the extreme-value location parameter u, for the scale

parameter b, and for the first and tenth percentiles of the distribution.

This paper was written as an extra task under the contract for the sym-

posium on reliability and life-testing presented by the Society for Industrial

and Applied Mathematics (SIAM) in Seattle, November 14-15, 196-5. A special

issue of the journal of the society was planned to include many of the papers

presented at the symposium, and this material was submitted for consideration.

The plans for the special issue were apparently dropped, however, so that the

paper was accepted for publication in a regular issue of the SIAM Journal,

subject to a few revisions in the introduction and an incorporation of the

appendices into the body of the paper. Also, Table D.I and Table D.II will not be

included. The elimination of these two tables provides part of the motivation

for including this paper in this report, since, for example, there is no source

other than Table D-I from which one may directly obtain the variances of the

best linear unbiased estimators of the extreme-value parameters for

n - 21, 22, 00, 25. (They may be obtained indirectly fran Table DoI or from

Table C.I in Appendix C). The values of the two types of bounds, too, are

of interest for cq~arison with each other and with the risks of other types of

estimators.

41



TABLES FOR OBM W BEST LINEAR I VARIADT ESTIMATES

The entries for Table C.I, which appears in Appendix C, are based on

computations made in part at the Health Sciences Computing Facility at the

University of California at Los Angeles and in part nt Rocketdyne., under the

auspices of the Liquid Rocket Division with the support of Contract NAS 8-19.

The values computed at that time (weights for obtaining best linear unbiased

estimates of extreme-value parameters) were modified according to theory re-

cently derived to obtain the weights for the best linear invariant (BLI)

estimates. These weights for the BLI estimates were then published as part of

a Rocketdyne research report under the contract. ¶le report is included here

because it has elicited considerable interest and appears to warrant a wide

distribution, The paper has been submitted for publication but my present

something of a problem in this respect because of the length of the tables.

DESIGN OF OVER-STRESS LIFE-TEST EXPERIKENS

Appendix A gives the derivation of results specifying designs with certain

optimum properties for life-test experiments under particular assumptions con-

cerning the failure times of the population of items under consideration. A

two-parameter Weibull model is assumed for the probability density function of

the failure times; and further it is supposed that the logarithm of failure

time is a polynomial function of the reciprocal of stress level. Finally, it

is assumed that the level of stress to which the population of items being

considered is subjected during normal usage (the nominal stress level), is not

sufficient to produce a failure of an item within any reasoable amount of time

after the application of the stress* Thus it is supposed that the life test,

!I
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which will allow one to estimate certain properties of the distribution of the

failure tizes at the nominal stress level, is conducted at levels above nominal

stress e

The designs derived under these assumtions specify where (at what stress

levels) within a given interval of stress the life tests should be conducted

and what proportion of the total number of items should be assigned to each

testing level when all of the items are tested until failure and when least-

squares estimaticn procedures are to be applied. Certain properties are demon-

strated for the least-squares curve at the various testing levels and at the

nominal stress level when a design of the form derived is used.

It should be noted that the assumption originally proposed for this task

concerning a change of level of stress applied to an item during a life test

was not incorporated in this work. The reason for this was the fact that the

following becane apparent after some analysis. For testing at various stress

levels where any failure-time distribution parrameter depends upon stress level,

it is not possible to estimate such a parameter efficiently at any level unless

the relationship between the parameter and the stress level can also be esti-

mated. 'When stress level is changed during testing, it is not clear how one

should determine or define the actual stress which has been applied to produce

the failure. In other words, the testing level is not actually defined for

thio situation so that it is not possible to estimate the relationsh",p between

stress level and failure-time parameters.

-6 j
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¶ME OUTLIE PROBLD( FOR SAMPLES OF SIZE TRI

DEFNITION OF M PROBLEM

Suppose three observations on a normally distributed random variable are made,

and the largest (or smallest) is suspected of being an outlier. The chemist's

approach to the problem of estimating the mean p of the distribution has

traditionally been to discard the observed value of the possible outlier and

average the other two values. Use of a Winsorized estimator of p, often rec-

ommended when outlying values are suspect, involves changing the observed value

of the outlier to the value of the second ordered observation, and then averaging

all three values. Sometimes the median of the three observations is used. Clearly,

if the suspected value is not an outlier, or if the amount by which it is dis-

placed is very small compared with the distribution standard deviation then the

arithmetic mean of all three observed vhlues is best for estimating V. What if,

however, the amount of displacement is moderate or large or there is a fairly high

probability that the observation in question is an outlier? The following analysis

gives some insight into this problem.

CONPABISON OF ESTD4AVRS FOR TE #ZAN

Assume that Y1 f Y2 < Y , and that either 60: Y1y Y2, and Y are order statis-

tics frm N(PG), or OA: Y1 and Y are order statistics frm N(pva) and

is a size :. saale from N(p + Aa). Because of the syuetry of the distribution,

the case in which Y1 is the observation which is suspect can also be handled.)

The risk (expected loss, where loss is qTuared error divided by 02) can then

be calculated for any estimator under the two alternatives 00 and 9. All

values given below are correct to within a unit in the final deciual place shown.

Values which are exact are given in fractional form. The miments of the normal

7
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order statistics used to calculate these values appear in [4).

Consider o ÷ + Y3 )

oI "= 1 + y2 )

21 2

= !(T 1 + 2Y)12 '3 •1 2)

and Y

If R(p,,1Y is the risk for estimator ^,(Ju0,1,2,3) when &(k--O or A)

is true, then

. = At(' ,•o) = +

= .569 R - ½

R (,,. = .4 A,, =.556

R(. % - .449 RA(l ^) =

Of the three estimators 1k and % has minimax risk (mini-

mizes the maximum risk for all A, L, and c). It is not the true

minimax estimator, however. Assume a is not known and consider all

estimators which are linear functions of Y and Y2 and which have

expected loss indep- lent of Lt and a. These linear invariant esti-

mators will be of the form W(aI)- AlY1 + (l-al)Y2  []5-

When 1° is true, the best linear unbiased estimators of V and a

based on YI and Y2 arc simply 0 =Y2 and a0 =1.1816 (Y2 - 1)

8
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with the variances and covariance of these estimators respectively given

by g A 2 2 2 2 2
by V(l*) = .4487a 2  2a , -= .6378a Cg a aC( .2044o ooB
Thus, by the results in [ ], when e° is true the best linear invariant

0

estimator based on Ti and Y2 ins 0 -0 [B /(l + C)

.14751I + .852512. When 8 is true 0. =1 = 1(ye + Y2) and

r= -. 8862Y! + .8862Y are, respectively, the best linear unbiased
1 Y2

,%2 * *an
estimators of p and a. Since the covariance B a of band 0',

is equal to zero, the best linear invariant estimator based on T
*

and Y2 for e true is equal to The risk (k ) for

when Ok(j,k=O,A) is true is given as follows

R 0 = ;o) = .423 R.C -o) = .748

R(,aA) = .569 R a(•.•,Z) =T

Now, since ýo is not equal to 5., which would imply Ro(jk, 0)
P.o(u,) and R )= , there is no guarantee that -

has minimax risk among all linear functionwof the form '(a). In fact,

= has larger maximum rick than as was noted earlier.

Define t4 to be the minimax-risk linear invariant estimator, that is,

the one such that max[R (4,^ ), RA(p,^4)] is the minimum of
0o14 P4

[0(Lb,^(a,)), R,(LL,;t(al))], - a ,1 < .. The maximum risk of 14

can be no smaller than maxrRo(1 i.&o), RA(., •A%) = Ra,(&(1/2))= +

Furthermort. Ro 0 ,L(a 1)) and R (,L,•(al)) are continuous quadratic

-I
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functions of a, each with a unique minimum. Therefore, if the value

of a1 defined by

is such that .1475 < < I (note that ýo = &(.1475) and = (/2)

then ^G is the minimax estimatw ;,. Sc.lution of equation (1) gives

a1 = .42265. Therefore. •(1) .= 42265T + .57735,. with

R= (I•i• 4 ) R .512. Moreover, • can be expressed as

• 5('1 + 12) + "e30[.8e(T 2 - '1)] = '4 + .083O*9 with equivalent

to the unique best uiisri6 estimator of c for sample size 2. Therefore,

for e6 true, distribution percentage points of 6* can be calcul,•ttd

from percentage points of the central t distribution.

In a real situation one might not want to use the minimax estimator,

particularly if IA1/a is apt to b6 small. A simplified Bayesian analysis

may be employed to gain insight into how large IWI must be befors one

would prefer another estimator to jo: Let y be the prior probability

of situation 0 , with W/aI fixed, and 1-y the probability of Co.

For comparative purposes the estimators po,4 1'329, and $4 will

be used.

The risk using the estimator ao is 1/3 with probability 1-y and

1/3 i A/ga2 with probability y. The risk function f,r can thus

10
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be expressed as a function of y aud R (O1~, *y, 6) -j+VZf-q )

Fox i, i=1,2,3,4, the risk function R(p,;i•%A is independent of

& and can be expressed in tesu3 of y alone:

0 1/3 + "•,?19-

1 .569 - .070y

2 .464 + .092y

3 .449 + .551y

4 .512

The last four of these expresaions indicate the following: Of the

estimators P11 .1,4144 1 = + 2 is to be preferred for

y> .82, for .52 < Y! .82, p4, the -iniua estimator, and for

.03 < Y ! .52, p., the Winsorized estimator (T + 2) are

preferable. The median is preferable to the other three only for

y < .00.

3. I
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Figure 1
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.4

.2

1 2 3 4
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In practical situations it is likely that y would be of small or moderate

size and that A/f would be positive and moderate or large. (If in fact

ibNaj were small one would not be apt to suspect the presence of outliers.)

Thus, any of -o A2' or 4 might be the preferable estimator. The

median vould be preferred to the other four estimators only if both

y < .03 and Idol z 6. It seems clear from this analysis that for each

y there is an estimator a(a 1 (Y))=al(Y)YI + (1-al( Y))Y 2 which minimizes

the vai-av of Idol required such that a two-order-statistic estimator is

preferred to Io"

12
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The expres~sion for a 1 (y) has been found to be given by

a (Y) .17301(1-y)+2y

Hence,

a](i) = +, 4(ai(1)) = +(Yi+Y2)

a 1(.5) = .3697, i(a 1(.5))- .3697YI + .6303Y,,
and1

a1(0) = .1474, (a1 (0)) = .*474Y- + .8526Y2 P

where ý(a 1 (1)) is V^A, the best linear invariant (BLI) estimator when e

in true , and I(a1(0)) is ,o ' the BLI estimator when 8 is true. For

(a 1 (y)) equal to the minimax estimator, a1 (y) = .42265, so that y is equal

to .676.

It has also been demoustrated that a1 (y) increases monotonically with y

from .1474 for y = 0 to .5 for y = 1. Thus, the median would never b, the

two-order statistic estimator recommended in preference to

A METHOD OF DEALDIG Wl•l THE UNKNOWN PARANEM A/o

A Monte Carlo analysis of a more general. outlier problem is discussed in the

final portion of Ferguson [2]. The results indicate that for a sample size as

small as 3, there are no discernible differences between the values of the

power functions of she locally wost powerful test of i/a - 0 versus a/a > 0,

based on the coefficient of skewpv -7nd two other tests, one of which is

based on RIO - (X - Xn.1)/(X -1j, -±i.tth X, I Y ...2 X 1  Xn, p!o

posed by Dixon in [1].
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Suppoze we cons ider 1 @Y -Y 2 )/(r3 - r)]- 11}

IN (Y3 - 2)/AY 2 - 1 ). Note that if z is the :Lhorder statistic
, n

frcu a sizLe n sample frm the standard norml distribution,

2)/- (Y•r/( - TI)] (Z2 ,2 - Z_, 2) + ý/, r. &/a + Z_, with Probability

n, [(Y - Y2 )/AY - ri)] (Z 2,3 - Z•, 5 ) + z., a , i th proba-

bility 1 - y, vere (y, -1 )/O-z 1 2 (i- ,), and (Y,-" )/ + 7Ao , 1

vith probability Y an ( - ) - zz and (Y3 - p11o - Z wi. vth

probability 1 - Y. Let [(Y, -hn )sd 2 - ti)] (z - "1,2) + Z2, 2 - ,1

coms~~~~~~der•~~~ +h 7o•n des- fZ, ,Z, Z, , F and tllset oA/0'

be identicnsly eqal~w to t(%.2 ,2 - Z.102  -2.,2 - , a~ W(t), adltAa

be specified. Then Pr[A/ar > TIO] - P2{O& is true] X P4gA/v> Wc/ 1 0, is true]

or

A/C

The expression on the right-hand side of this equation can be calculated by

considerinig the joint density of ZP 2 _%, Z and Frcl this~, one obtains

Y 16(l+t+t'•- ' (,t+,

+ [pr(, < _______o

where Z is the standard normal deviate and t Is greater than zero.
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+be expression Ztl - Z -,i

to ZQ,3r2)Z+ (y3 _'r2 )(x2-y~1'+(r2 -r1)zJ
Zr• - • Y

and 2t+ 1 equ 2 - "

An appropriate value for A7O In terms of y alone can be obtained by sub-

stituting a_(Y) into the orJignal expressim friM ihich the vale for &1(y)

is derived. This gives

WO [2L1B853Y~ *990 76 -Z - .2M93Y + 129932)
Y ..683912 + 1-.9401Y + 1.3759) "

Therefore) for any prior probability y that is true, the probability

that A/0 is sufficiently large so that the risk of a tvo-order-statistic

estimator is smaller than the risk of 44 can be calculated as a function of

Y and the observatims only. One could then choose some fixed value

P1 0 < P < 1 (a good chofre might be P - .5), and for any kim ys, estimate

~&by A (1 + Y2 + ) if Pr[A/0 > Va] Is leassthan P and by

kai~y))otherwise.

15
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APPENDIX A

IRSMW OF OME STMS LIFE-MT ~1TI~ WER FAILURE
TIM HAVE M TWO-PARAWM WEIBULL DISTIBUTION

SUMMARY

The following paper deals with the situation in which estimation of

reliability parameters associated with a failure-time distribution

requires that life testing be conducted at stress levels above that

which would normally be applied in standard usage (the nominal stress

level). This situation my prevail when an inordinate amount of time

is required to obtain a failure at the nominal stress level.

A range of stress for testing is prescribed, and a two-parameter Weibull

model for failure times (a type I extreme-value distribution of smallest

values for log failure time) is assumed. The extreme-value location

parameter u, the logarithm of the Weibull scale parameters, is assumed

to be a polynomial function of known degree k of the reciprocal of

stress level. The Weibull shape parameter b, which is UIso the extreme-

value scale parameter, is assumed to be independent of stress level.

The number n of items in the total sample to be life tested Js given,

and it is assumed that stress level for each life test is sufficiently

high so that each item can be tested until failure. The problem considered

is that of determining the design for obtaining the least-squares-curve

intercept with minimum variance at the nominal stress level. The design

to be determined consists of the number and location of stress levels in

the prescribed range at which the life tests will be conducted and pro-

portion of total sample to be randomly allocated to each testing level.

17
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The results of Hoel and Levine in [2] concerning determination of designs

for -in'umn-variance polynomai extrapolation cannot be applied directly

because the mdels for which these results are appropriate are those in

vhich the obsermtions are normally distributed, uncorrelated, and have

uniform variances In our mdel the logarithm of observsd failure tims

have the Type I extreme-value distributior of smallest values, unequal

variances, and covariaznces that are not zero except between stress

levels. It Is shown that th methods of proof utilized by Hoel and

Levine are applicable, however, and rules for detuening designs yield-

ing the "appr=Jmtely" uini xu-variance least-sqares Intercept for the

prescribed model are derived*

One of the interesting results In the derivation of the design Is the

delintio of the point through which the least-sqiares curve for the

observations passes at the ath stress level, a = 0, 1,..., e - 1,

when the number £ of stress levels at Vhich observations are ade Is

1_. This point Is 1ere Is a weighted average
009 th-

of the ordered observations and where the veight consists of the

elemnts in the ith row, I - 1, 2, ... , O%, of the covariance matrix of

the % ordered observations mde at the gth level, U - 0, 1, h.., 1:.

For 1 2, X 1 - can also. be expressed as a specific function of the

Giauss-Mukov least-sqmares best lineear unbiased estimators u.%) and

at a +a. of u. (the value of u at the t testing level) and

18
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b, respectively, the variance of b and the covariance of u

ba 0O, 1, *... k. This particular result Is independent of the

distribution of the observations and applies vether or not % is equal

to n. , vbere n. - p and pa is the proportiom of the saw1 ran-

domly assigned to the ath sample point, a - O, 1, ... , k, (that is,

there my be censoring). It is shovn that there is no l14 r coambiation

of ordered observations at the 0ith testing level and no point

along that ordinate such that the mean squared deviation of 4X.-) from

the polnt is less than or equal to the variance of lil -) for all

and b, a - 0, 1, ... , k. Siilar poperties are demonstrated for the

least-squamres Intercept at the naninal stress level ider the design

prescribed by the derived results.

19
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INTRODUCTION

Often an engirn r my want an estimate of a parameter associated with the re-

liability of a population of items which are to be subjected to a fixed (or nom-

inal) level of 3tress and fairly constant environmental conditions during normal

usage. If a required life to is specified, then he will want to estimate the

reliability at time t after the strecss is applied. If, on the other hand,
0

a survival proportion R is specified, then he will be interested in estitmating

the reliable life, or the timu after the application of the stress at which

00(1-R)% of the population of items will have failed.

He may know from theoretical considerations the family of distributions to

which the failure times associated with the population of itoms belong. If so,

he can conduct a life test by applyJ ,z the nomi•al level of stress under appro-

priate eav~ronmental conditions to a sample chosen from the population of items

and thus he can obtain an efficient estimate of the parameter of interest as

a function of eotimates of the distribution parameters (parameters of the failure-

time distribution). These estimates will be based on the failure times observed

during the life -test.

Suppose, however, that the failure characteristics of the population are such

that an excessively long period of time is required before even a single failure

will occur at the nominal stress level. In such a case, the life test can be

conducted at levels above nominal stress to obtain the failures required for es-

timation of the parameters, provided the form of the relationship between the

parameters and the stress level is known. In the following discussion, the form

of both this relationship and the failure-time distribution are assumed to be

known from theory associated with the composition of the items.

20
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I

It is assumed that in a life-testing situation the population failure times

are identically distributed according to a given two-parameter Welbull law,

1

1~) - e ,t 2: o (1)F ~() b

,otherwise ; •, b >0,

when the material and shape of the items tested, the environmental con-

ditions of the test and the levels of stresses are fixed. We also

assume that the size n sample which is tested has been randomly

selected from a population of items composed of bcuogeneous material and

that all environmental conditions are held fixed save level of stress

a for one type of stress of interest. Further, it is assumed, in agree-

ment with [!], [8], and [9., that under these conditions the Weibull

shape parameter b is constant and that only the scale parameter

changes as level of stress changes.

If the random variable T represents failure time, then X, the natural

logarithm of T, has the Type I extreme-value distribution of smallest values

with location parameter u (the natural logarithm of 9) and scale parameter

b, vith xs b 2 /6 the variance of X* We suppose that a given log failure

time is a polynomial function of degree k of 1/0 (a special case of

this assumption, log t o + 011, is given in [1]). Fin&Uy, it21

4
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is asbumed that the n% failure times observable at the Oth of A ex-

perimental (or testing) stress levels are independent of th--e at any

other of the A - 1 testing levels . This islies that the sample item

are selected randomly for assignment to a stress level.

Under these assuiptions it is desired to design the life test so that the

Iceast-squares curve (with expectation X/ob) has mintsw variance at

1a u lhen tebting of the n sample items is cnducted in the stress

1domain c ! o - d and I< c. We define this to be optimm estimtion

for this situation, which is mne of testing at levels above nomInl

stress. Because this is an over-stress situation, it is assumed here

that the stress levels at which testing vill be conducted are sufficiently

high so that all items can be allowed to fail, with no consideration

• -pcessary for waiting time for failure. Odis over-stress problem Is

equivalent to rze of obtaining an optimuam design for linear estImation

of the polynomial function 3:l/ob at a point outside the experimental

range of the independent variable.

Specifically, it is necessary to determine (a) the value for A. the

nuber of sample points, (b) where iu the domain the A sample points

should be assigned, and (c) the values of O p = 0, 1, *.., A - 1,

such th-.V 'stimtion is optium for a given sample size n. Tn analysis

involvet i approximation in terms of P U = 0, 1, .. , 1 - 1, of the

I
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variance of the least-squares curve at a = •. Hence the optimal

solution given is approximte.

It will be clear from the model given below that the results o' Hcel

and Levine in L2],vhich are applicable to the case in which tha observa-

tions are independent, have equal variances, and are selected frou

Gaussi an- 4 .jtributioc, cannot be used directly to provide the design for

optiom estimation here.

The derivations iindiataly following apply to the general case in which only

the first a failure times, a 1 n, my be observed, so the aasip-
a a (z

tions a = n will not be eMployed until later. Let

xi.,, Xi , a (!•c 9, .a .9 be the logarrithba of the

thtth observed ordereA failure time at the a stress level and let

Y ,MXiab- 1u j,*0

i ,,,b

where % represents the value of = Po + A, + *g) +
at the ath stress level, a= O,l, ... ,L -li. A-1 n Yl, is

the Ith order statistic, i= 1-., 2 .. , *O , of a ss86 of size

9, a=O, P, ... , 1. f-1, rcthedistribution of b the

I
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reduced first asyptotic distribution of mallest values.

Therefore,

Eija x. + b E(Y," 2)

Ci- w 0 , *.., m-

and •, the covariance matrix of the X's, is given by

I. b2 V. (5)

Since it is assumed that the failure times at any given testing level

are independent of those at any other level,

Vo

V b2 (4)

vhere V0 , 0 , 1, ... , -i, is the k]own covarlance matrix of the

first of n% order statistics of the distribution of Y. From

(2), (3), and (4), it can be seen that the generalized Gauss-Markov

Theorem,given in [4), applies. Hence, least-squares estimators having

uniformly minimum variance among unbiased linear estimators can be

obtained for u and b vhen . m%, a U 0, 1, ...* 0A-i, and test-

ing levels for stress are fixed. The problem of determining these

quantitiea for optimnu estimation is now considered.

24
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•JMNI FOR OPTIKMM ESTIATION

The information matrix of the Gauss-Markov least-squares curve for any

selection of n observations in the interval c i a ! d can be dupli-

cated by choosing at most k + 1 distinct stress levels in this interval

and allocating the n observations appropriately to these now levels.

We therefore let the number of stress levels (testing levels for the

stress) be k + 1, and the a th testing level be 0,, =01= 0 ... , k0

with 0< < ak

If b is not known, it is necessary that be at least 2 for at

least one stress level in order that u be estiml-le (an unbiased

estimator exist), - 0 , ... , k. This is true because E(X• ) isa)
not equal to u,, but rather E (Xi,a) - +b E ) ith E (Y )

a p , I, ... , k. Note that if Zl n is the ith order statistic,

i 1 1, 2, ... , n, of a size n sample from a reduced Gaussian distri-

bution, E (Z,)= 0. If b is known, mc cun Ix 1, aX. O, 1, a**, k.

Optimum, estimation for b known will be cons dered in the section following

this one.

;.et vi' j' be the element in the a + it" row and the a + jth

colmn., i,4J j u, 2, ., ma,, Ct O, ., k. of V" 1 jte

inverse matrix of V. It can easily be shown that when % obser-

vations are made at each of k + 1 points, the least-squares estimator

of the expected value of the least-sqires curve at

2525I
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V. 0b 0 + *.. +i10 PA.) k0 (ON (with K 0O(b) defined below), paoss

th ro kw ac
SE vi Jsa Xi,c

__ • i' (5)
a mt m va

and can be expressed in the form

k F- ., ±1 k a

•,,B1 ±-. (6)

where LZ(-) is the Lagrange polynacial

, •-cr / "(7)

0 = O, 1, ... , k.

Tais represents a generalization of the better knoan result used by

Hml and Levine in 12]I, vhere m- and the model is

( - ), ).,

W1 02, .. seep

26
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with

ý -b 2 I, (9)

and I the identity matrix. Here, W is the ith Gaussian order

statistic, i - 1, 2, *.., n., C = 0, 1, ... , £-l, and for L = k 4+ 1,

k
the least-squares estimator W* of w = F, z passes through

j0o

za, V ". W* can be expressed in the form

k

a=0
wih Y equal to L 1 wi,, W o, 1, ... , pkd, an z)

an.~ i ., aC(Z

k
defined by (7)- It ght be noted that Z L(z) - i.

The variance Var of -che les~at-squares estimator of

is simply the sum of the variances at the k + 1 testisg levels,

or

Inma ma
E E E vv £IrCx E vsoJAI
Var PE ral Sui

_a £;*() -v b2 1k: 2 jai' =

a ko ma- Ma 2

which reduces to

Var (())= b2 k La( )/ vJ'a.
(Io J-1 im.

Here v, v is the element in the a + ith row and the a + Lth

column, ±, l-i, 2,.. .-, Re a 0., 1,. , k,, of v.

27
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Let u* be

,ma mamam
ij JJP v, 1)Q' 8r, a, E Ec a)E (Yj , s, i9I ~ ii

-E- E EE'Y vi,,, m Xs a

a.=l rl 11 i ±l , ' J-i E i

Amad b a mam

I~ at.: ~ J-l i-1\

where

i-- J-11-- 1J,, i'd. 3.1 jul ju~s iil •~ /

The expressions u()and b( are the least-squares uniforly minimum-

variance unbiased linear estimators of u(i) and b at the acth sample

point. Let the variance of the bý be Vartb•), the variance of ue

be Var and the covariance of uý;_)and b,* be Coy (U' &-ý ba)

Then Var(X*(~-) as given by (10), can be shown to be equal to

[Var (u*()) Cov2 (u*7-.):, ,) / Var (b) , (U)

and it can also be shown that

1, [u* -)c- Cov (u*(L, ba) be V/ar (b)], (12)

It
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for ýt 2, C I 0, 1, ... , k. For mu 1., is simply X1, o

2 b3
a = 0, 1, ., kj, with variance i t 2  It can be seen from (12) that

0 n xl/Sb =U + n 0(b) is equal. to -T b
C(-O U~/Var(b bb)

The expression (11) also defines, for % 2t 2, the variance of
n. 

I
wa"mor Wi,jd escribed by (8) and (9) with za a n

where A /and b are the least-squares best linear unbiased estima-

tors of u and b, respectivelyat the ath sample point, a = 0, 1, ... , k.

When the density function of ia is synmetric about the location parameter

u, however, as when Wi1 , i = 03 1, *a*, n,,, c = 0, 1, ..*, ck is a

Gaussian order statistic, then the covariance between the least-squares

estimators u*( s)and b* of the location parameter u., an- 0, 1, ... , k.,

and the scale parameter b, respectively, is zero, as is shown in [4].
In this case the variance of 'U is simply equal to the variance of

* a as in 2 -), where u*(-k) ". C, Cz=0, i, 6j, k.

For 1 1, Var (X*( Var - b2 /6 A 1.64493 b- . Also it is

possible for any given combination of values of % and n%, 2 1 1C nI,

to calculate a value for the variance of X!- using (U1) and the tables

1 COYC*)
Where any m is equal to 1,-- V()i takn to be EYj a),Var(b:) •tknt e •

OnoO, I, ... , k.
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in (3) for V 6, £103 for n,- 20, or 16] for ný 25. For ncr,

one obtains (to vithin a unit in the fifth decimal place),

Var X*

1 1.64493 b2

2 .65373 b

3 .40108 b2

4 .28810 b

•z = 2/za 0.o, j, ... ,ke
* k.

A general expression for Var X*L/in terms of n. , for m. =n

can then be given approximately (to almost vithin a unit in the second

significant figure) by b 2/(n% - 0.143), 0, 1, ... , k

k

Let - n and pa - %n . =0, , ... , k, so that X 1)= 1.
QUO

The variance of the least-squares estimator X*(T) at the stress level

1/T is of the approximate form

k(b2/; (P,.a /(pa/ - 0.43/0. -3)

30 30I
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For any choice of testing levels a, 02 ... OV, the approximate

variance given by (13) will be minimized, under the constraint

k

ZP. 1, vith 0 :r p.r.1  and with a. i

(1 - O.4,3(k+l)/n)II 014 a- 0,1, k. (IL)
pa " k + -n * (14)

Z IL (T MI

Jo

This result is obtained, as is Lei 1 of [2], simply by standard

calculus techniques. If the proportion pa of the sample assigned to

the stress level cr is given by (14), the variance of the least-squares

estimator Is approximately

k

(b2/n) (I 1L.(W])I) 2/(l -0.43(k+l)/n) (15)

for I as defined.

k

Clearly, bthe expression (15) will be minimized if I ILa(V I is

minimized. Therefore, the ta u hep)Lcv follows rirz 4 r the

proof by Noel and Levine (consisting of a minimization of

JL~TI), i> 1/c) of a similar theorem In [2] for the model given

by (8) and (9) plus the normlity assumption.

31
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M1EOREP I. Under the assunptions (z), (A), and (4), let

p , given by formula (14), be the proportion of the sample

of n items tested at the stress level Oc I a 0 cI < .. 1, 5 k

in the range c % Oc < d, a= 0, I, ... , k, and let 1/1 be

less than c. The value of L that vill minimize the ex-

pression (15) giving the approximate variance of X*(r), the

point on the least-squares curve at a = 1/A , is

-- -1 [ k - a),/kj ( l, /2 + (1, + 1) , a , 1 , k
c /, Op lj, k.°a

(16)

Theorem I then gives the solution to the problem of obtaining the

least-squares curve with minimum-varianc-r intercept at a = 1/1 under

the ass'•ptioas (2), (3), and (4). In the following section, properties

of this minim=u-variance intercept and the least-squares curve in general

will be considered.

PROPERTIES OF TIE LEAST-SQUARES CURVE UNDER THE GEIERAL MODEL

An interesting property of the least-squares curve which holds at the k + 1

testing levels is first demonstrated. Consider any distribution with

unk1on location-scale parameter 0 a 82.'a) such that f. (x) - ýfor

some go Let 0! and 0' be the unique (with probability 1) uniformly
1 2

minimum-varlance unbiased estimators of 01 and 02p respectively, in

some class of estiwtors (linear estimators, for example, or all possible

32
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2

estimators). Let AO2 and CO2 be the variances of and e*, re-

spectively, and BO2  their covariance, and let loss be squared error
2

divided by e2 It is shown in [7] that (1) for any given function of

the form 4 - 11iel + A2 0. the unique estimator with smallest expected

loss among estimators in the class invariant under transformations of

location and scale (when the best unbiased estimator of § in the class

is iel + 2) is

A * (A2 £) 0*/(l+C) (17)1 1 2 1 + 22

and (2) if I is linear in the observed x's, then it is the unique
I

admissible minimax linear estimator of #. The proof of (1) is very

similar to the derivation in [6) of the expression for Cramer-Rao type

bounds for invariant estimators of location parameters of the form 01 + £e2.

Iet Wr ( be A .b2 , Var(b;) be Cc b and Cov (u*(!), b) be

B2 b2. Then, by (17), the unique admissible mni•ix linear estimators

of u~and b at the a stress level are U - Ba b/(+*

and b. b (1+C(,)', respectively, of Op ,1,... k. Furthermore,. it

can be very readily seen that B b/C can also be

expressed as X ~,)- BS-bo /Ca, ard that X( )is the best

"the proof of linear admissibility for I, which had been shown in 15)

to be the best linear invariant estimator of #,, was outlined in detail
to this author by M. R. Mickey of the University of California at
Los Angeles by personal comunication.
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linear invariant estimator of xl/aa, b ' it expected value,

09 - 0, 1, ... , k. This result is related to the fact that X*(])and

b. have zero cov~riance, Ct - 0, 1, ... , k.

Another proper ty crf 1.1 least-squares curve which vill be demonstrated

below is the following. Under the assumtions (2), (3), and (4), there

exists no linear combination of the ordered observations at stress

level oa and no point u,+ Cb, -"< C <-, along the L ordluate

such that the expected squared deviation of this linear combination

from u + Cb is smaller than that of X _, the intercept of the

least-squares curve at o - O( , from its expected value,

Xli• b o + go *., + + Kx(b), for at least one cam-

bination of values of u•and b and at least as small for all combina-

tions of values of u. and b, G- 0, a , ... , k. We say then that the

It will also be shown that whe- loss is squared error divided by

b2 , xe(l') is a minimax linear combination of the observations (has

smaller maximum expected loss from Xl/C, b as a function of

and b than any other linear combination from any point u% + Cb, -a < C <

aLong the L ordinate), Cc - 0, 1, ... , k. Properties of the least-

squares curve at a - will also be demonstrated.

34;
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Let X;(V be the intercept on the least-squares curve at a - - when

n observations are made at aI Z I ... I k , ith c aa •d aLd

< c, and vhen 0. and pa the proportion of the n failure times observed

at the ath level: are those specified by Theorem I. Assume (13) gives

the exac• variance of X* (1), defined by (10). The following theorem

vill now be proved.

HEORE 12II. Let loss be squared error divided by b Under

the asswzitions (2), (3) and (4), the intercept of the1

least-squ7res curve at -, is the unique admissible minimax

linear combination of the ordered observations made at a =

X(1), defined above, is the unique admissible minimx linear
1

combination of a observations extrapolated to a • a when

it is assumed that (15) gives its exact variance. 4(1) is also

the linear function with uaiformly smallest expected loss of

best linear invariant estimators of u and b at k + 1 stress

levels at which life testing may occur extrapolated to a a -

(when it is assumed that (15) gives the exact variance of

Each of the statements in the demonstration of the proof of the first

statement of Theorem II holds for a =O , ,.., k. Let us suppose

that there exists a linear function K' of the ordered observations

35
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andapoint u%+ Cb, < <a, alo ,he 1
Xipazc na a % aeC m lo~~

ordinate, such that the expected squared deviation of from .+ .b

is at least as small as that of x*(Go from Xl/y,0  b for all combinations

of valuest of u. and b and smiler for at least one combination of values

of ý, zd b. Hence it is supposed that X ý\•)is an inadmissible linear

cwmbination of the ordered observations.

Suppose that X(L) is not of the form. £ u -)+£ ba . Then by the

generalized Gauns-mWrkv Theorem (4] there exists of the form

A, b*L) 2* such that E&('~ X(- aniii r~(Y Var Ur((Ii

for ,al, and b. Thus,

V Kar ( + [L. C ()) (u - 4b)J< Var(X(,L)+ ER-,)) - (u, - C

for all u, and b. Hence, it my as well be supposed that

s/z u*(•~) * b\w:Ju "-1- + S2, ba

Then the expected loss function for is

12 2 [(Silv - + -

vhIch ia assumed to be less than A.,-B& for all u and b. The

value of S. must then be equal to 1 if this inequality is to hold

identice&Uy ;in iaiý b.
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Thus, it is ass~ei tbat U* ( + S2c b* with expected loss

given by

ACC + 2 a B + Sa 2 c2,a (18)

The expression (18) is minimized with respect to C and S2 ,a jointly

Vhen C s 2 ,"- -B!/C. Hence l is an admissible linear co-

bination of the observations at the ath stress level, a = 0, 1, *.., k.

The proof of admissibility for X( - O, 1, ... k, is t Alar to
0a

that referred to in the footnote Oa page 53. An alternative proof would

begin with a demonstration that for every biased linear combination of the

observations, there exists an unbiased c~•inatcia with c!lkr risk

(expected loss).

Suppose X&() is not a minimax-risk linear combination of the observa-

tions. Then there exists a linear combination having maximum risk

smaller than that o1 X*(1_)1 which has constant risk with respect to

and L, a = O, l, ... , k, since loss is squared error divided by

b2 . The existence of such an estimator would thus imply that

*( X a 0, 1, *.., was inadmissible. Hence X(* L. is the unique

(with probability 1) admissible minimax linear combination of tbL obser-

vations ..-. the ath stress !eel, a - 0, 1, ... , k. The uniqueness

follows from the uniqueness of u - and bo, a 0, 1, ... , k.

Now, ccasider k

a-c
kI

t [

B. b* /C
C9=0



1
the least-squares intercept at a ,n where P., which represents

1 1
the proportion of the n sanple values tested at L- ,and L,

a- O, 1, ... , k, are chosen according to the specifications of

hore I. It is assumed that c .a d,A OP1, .°, k, and

<c.

k no, k

Le~ x(-) a Xi,. , with n ., estinte a point

u(m) + Cb, - m< <-, on the ordinate '.. Suppose that

1 ,i. 1, 2, *., n, P- na/ and a0 c' j, o, a, ... , k, are

chosten so that the mean squared deviation of XC(I frm u(TO + Cb is

less than or equal to the variance of 4(V) for all b, u(TI), and

uG t , W O 1, .., k. Suppose that the expectation of 2(iP) is not

u(TI) + Cb. Then the expected squared deviation of X(i) fran its

expected va.ue is less than that of i(T) fron u(TO + ,b. Hence, it

is assumed that E(X(T)) - u(11) + Cb for e.L1 b, u(i), and u-)

a- 0, 1, .o., k. Then when i(n) is of the form

k (19)

X oZ/ + LT 4(11cz-0

with variance

k

I
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it has uniformly smaller variance than any other linear combination with
k

uniform expectation u01) + ~La(1I),r b - u(Tt) e Cb for any specified
a=O

ccumbination of testing levels and allocation of the sample to the

k+l1 levels,, If any n is equal tol1, *(- r b i.staken to bearb

XU with variance x2 b2/6, a 0, I, *.., k.

The variance of R(To is minimized independently of the value of p.

andg L- a.oi =., if 9*0'T - Ba/C. . Hence, X*(Il) is admis-11a, ,, o 1, ... k if . ~ a •nx• • •

sible aLong linear combinations of n sample observations when

and ie Gg = 0, C, ... , Pc, are fixed. ghen by Mmeore I and the

ressoning applied in proving the first statement of this theorem, 4(To

is the unique admissible minimax linear combination of n sample failure-

ti logarithm observed at j2, , ... , ak, c f. i Z , a = o, 1, .. , k,

and extrapolated to = , < c (under the assumption that (15) gives

the exact variance of x*(A ).

On the basis of the preceding derivation and the assuqption (concerning

the variance of X*(TO) it folloii Immediately that

cc ba B Bb
X .(T L [ () - - ,ith expectation
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"" -" o. and variance ILQ.00I[A,. - B./C.], is

ciao L-0

the linear combination with uniformly smallest expected loss of best

linear invariant estimators of u and b at k + I stress levels at
1

which life testing my occur, extrapolated to a = a . It is interesting

to note that when the model is given by (8) and (9) plus the assumption

of a Gaussian distribution for the observations,

k k n.

"b 2 ,.T)/%,, is the exact variance of X ( . I -:,. n

A CC)WARISON! OF THE TRADITIONAL AND T DERIVED DES3IGS

As an illustration of the result given by Theorem I, consider the follow-

ing example. It is assumed that u is of the form

+ \2 3l\4
O G) + and that 10 items are to be tested

until failure over the stress interval a s9 Using a tradi-

tional design specifying equal numbers of items tested at equal intervals

over the testing domin, one obtains the following.

1 = r2 I- 2,r l-5/2/ L e
04 03 C 2 01 O

n4 z'2 n3 - 2 2 n1 n, Z no 2

1
For optimum estimation at a c, the theorem specifies approximately

the design given below.

40
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1 4 1 1 A 1 /+ 1 V
% 02 01

n4 -1 n3 2 n• 2 n, n 3 n 0 2

The least-squares curves for the two sets of 10 observations have variAnces

1 2at a a equa.L .o approximately (to the nearest integer) 2912 b for

the traditional design and 1238 b2 for the derived design specified by

the theorem.

It is shown in E71 that for b known, the best linear invariant estimator

of ua, for n k 2, is u-.> u*()-)- (Bp/C)(b - b), with mean

squared error (variance, since (-)sunbiased) EACI -Bý/~ b,

a 0, l, ... , k. The variance values given above for the two designs

are, therefore, also appropriate for U(J1) - Lot( 1) + ( c)]

a no

with B./.tkt b .(1 for any n. equal to 1, C9 =0, 1,, k.

If b is not known, then the best linear unbiased estimator of this j

parameter based on any given design can easily be shown to beS•. k
k °bct/C2

k b~C ith v.:ariance b2  (>. The best linear invariant

I53
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estimtor of b based an any given design is then

~I *b/%
k . k k vith mean squared error given by

I +1+
O mO -- O

k

b2 /(l + � (L)). For the traditional design the variance of the best

Cza-

linear unbiased ectinator of b is 0.142 b and the mean squared error

of the best limar invariant estimtor is 0.125 bJ For the derived design,

the two corresponding values for the expected squared deviatic for

estiautors of b are based an .iaose obtained at only the four stress

levels for vhich %, a - 0, 1, ... , k, is greater thau 1. They are

equal to 0,141 b? an 0o.12 ba, respectiveiy.
1

The ardforulY iunima-varlance unbiased estimator of u at a = under

k

either model Is uI(To•)!-), , h eie for any n, equal to 1..
Cu~o k

u vili bo* taken to be X1, (,U a, . b~i Ivith

:b-O
LU(1OE(Yfl,a)/ci + Jio ic - LJ(11 BifAC CA

3J~l

a .k

i~a

I~r)EI,~ (1/C,) Urn 051 ...ee, k.

-- 42
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Here, the nuber of coefficients of the forn a ut the ath level

is equal to 1 minus the nuber of testing levels for ihich no is equal

to 1; and Xl is the negative of Euler's costant, or approxmately

-. 5T721C9 - 0, 1, ... , k. For the traditional model the variance of

u*(V) is 2936 b, and for the derived model it is 1248 b2 . The =amt

of improvmnt obtained by using the best linear invariant estimtor of

u(1) rather than "11 is triviAl in both of these as.

I
I
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APPENDIX B

ECACT TmREE-ORDER-STATISTIC CONFIDENCE BOUNDS ON RELIABILITY
PARAMETERS UNDER WEIBULL ASSUMPTIONS

INTRODUCTION

Assume that a random sample of a itens is subjected to a life test

until m (with 2 e m r n ! 25) of the items have failed. Assume fur-

ther that the random variable T which represents an observable failure

time from the population from which the sample of failure times is

selected has the two-parameter Weibulbl density given by

Pit < • t+ At].f I• . •11•b (t/)(/b)-l,• , eVP[-(t/8°\/IJ,L tlo >lira~ <T: t + atot5
at-O At otherwise

with 8 and b both positive. (i)

There art two related problems which are among the most Uiportant asso-

ciated with the life-testing situation. First, one may suppose that a

required life tg is specified and a lower confidence bound, based an

the censored sample, is sought for reliability or the survival propor-

tion, {_tt) -exp{-(t 8 at time t *For the second and alterna-

tive problem a survival proportion R is given. Then a lower confidence

bound is sought for tR - 8(log(l/R)) , the reliable life correspo:ding

to R or, equivalently, for x. = u + b log log (I/R), the log reliable

life, where u is equal to log 6 and all logarithms are natural. The
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paeramter u ina location pa•mter of the distribution of X = log T,

and b is a scale parameter of this distribution. The bounds for

and ir are often referred to as lower tolerance limits, and are con-

fidence bounds for the 100(1-R) percent points of the distributions

of T and of X, respectively, vhere R Is the specified proportion

between 0 and 1.

A method of obtanlrg confidence bounds on reliability parameters widely

used for the Weibull dibtribution as vell as for many others is as

follows. Consider the observed ordered failure times T1 ... T TM.

For amy T•e a lower ccnfideace bound on R(Tk) at level 1 - a can be

obtained from v,(n-k*1, k), the 100a percent potat of the beta distribu-

tin with n-k+l and k degreer of freedom (see [so and Goode 11]). ftis

boud serves also as a conservative (1 - a)-level bound for R( t), for

any tg < T.. Similarly, if v (n-k+l, k) is greater than R for some k.

a lower confidence bound on tR, with level at least 1 - a, is given by

the khobserved failure time Tk.

This method, however, makes no use of Information concerning the foat

of the underlying distribution of the poula'.ions sampled. It is iL

fact a ncmparametri- method requiring oWly the assumption that the

unordered observations are idependent and Identically and continuously

distributed* It seem likely that one could obtain improved bounds on

the reliability parameters by assumi (correctly) that sampling is from

the two-parameter Welbull distribution. In particular) one vosuld ex-

1 he distribution of the random variable X is the extrem-value dis-

trIbution of immllest vulues.

'.6
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pect a possible lmrovement , when the required life t is sml3 compared

with the sarmle failure time which imedLately follovs it, or In the

case in vhich a tolerance limit is desired, when vY greatly exceeds R.

If II is larger than any v , the nonparemetric method is, in fact,

completely inapplicable. In the following discussion, other methods

for obtaining bounds are derived.

TSTS AND CONFII~CE SETS FOR THE pARAM¶ b

TESTS AND C(InmC SETS BASED (C ALL MBE ORI= STATI3STICS

The two parameters, reliability and -eliable life, for which confidence

bounds are sought are

R(tg) = exp{-(t 5 /Q0)l/b and xR = u + b log log (1/R) or

(log(l)) , respectively. Thus, both are si.p•y fuctim of the

parameters b (or u) and b. Therefore, bounds on the reliability para-

meters can be determined from distribution percentage points corres-

ponding to appropriate functions o.L estimates of 5 (or u) and b.

First casider estimates of b (functions Of T 1C 2 T.) and

confidence bounds, based on these estimates, whicd can be placed on b

alone. The probJem of obtaining such bounds, or te•ts from which such

bounds are derived, ia invarIant under a bange in scale in the time

space or a change of location in log tim space. A mximal invariant

uder this transformation is Z - (zn, z3, ... , z (T2J/r, T/T, ... ,

oL

I.

.,
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Tm/Ti) or equivalently, log Z , -Log (T2/T), log (T/T), ... , log

(T./Tl) ] - (x2 -x1, X3 -X1, A**- XX-xl)* Hence, tests concerning b and

confidence bounds on b will be independent of 6 or u if and only

ftey depen V on T, T "'" T or X1, X' "'" X only through Z.

The Joint probability density function of T1 - T2 ! ... i T is given by

M 2 + (l/b)-l (•1 ti /b

+ t (2)

so that the joint density of Z2 • Z3 ! ... •Zm is

M (1/b)-i

fb(z 2 (n-m),! z . )b r-m

[ 1+ M 7- 1/ b + ( n -m + l ) z m '/ i

(3)
Sz2 rý 3 ... •z .

Consider any invariant test f = 4(Z) of H: b k b versus K: b < bo which

accepts H when 4 a 0 and rejects L when 4 = 1. One chooses a signifi-

cance level a,, 0 < C < 1, and looks for an invariant test vuich rejects

R wit= probability .C when b > b0 and which, in some sense, zaximizes
1 X1 .-, X2, . are order statistics fro the extreme-value distri-

butict of miallest values, the distribution of the random variate X = log T.

*18-
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the power 6,(b) (or probability of rejecting H) when b < bo. The

boundary of the acceptance regicn of a uniformly most powerful invariant

test #o (most powerful against all alternative hypotheses) yields a

uniformly most accurate invariant upper bound b mi for b. Thus,

Pbtb !bc miln) 2 -a for all b, and furthermore, for any b' > L, Pb{b m bn ab}

is minimum among tests based m 2. It can be demonstrated

that the Neyman-Pearson Funizunental Lena (Lebmnn [2))applied to (3)

for a given n and m > 2 and given siple hypothesis, b = b, will

yield a most powerful invariant test which varies accordingly as the

siaple alternative b - b, changes. Thus, there is no test of H which

is uniformly most poverful among invariant tests for all alternatives.

One might then naturally consider basing tests and confidence sets on

estimators of b which have certain optimlity properties in terms of

their ability to estimate. From [3j, [4] and [5] it might bý concluded

that likely candidates for such bases for tests, etc., would be the

best linear invariant estimator and the raxim-likelihood estimator.

Unfortunately, however, the derivations of the distributions of these

estimators of b, u, and xa a u + b log log(l/) for m> 2 are very

difficult, if not impossible, to obtain except by simulation methods.

1Tables frm which one may obtain eonidence bounds on a(tg) or on

have been computed by Johns end Liebermmn [6] by simulating the distri-

bution of a function of approxImations to the best linear luvariant

estimates of u and b. These tables can be used for n equal to

10, 15. 20, 30, 50, and 100, and h values of m for each n.

A looIly mot powerful invariant test depends upo the miXI=-lIke-

Mhood estimtor ot be

49



Thus, one is faced vIth a situation in vhich atatistics which my poesibly

be optian In tserm of their ability to estimate have not provided an

analytical basis for exact tests cuncurning, or exact confidence, botnds

on, the purieters they are estimating.

One Is thus led to consider estimators whose distributions can be

determined exactly and then to caare the properties of these esti-

utxors vlth those of the best "'raft inwaiiant estlutors, the expected

loss of hbith Is kmown or can be calculated for u 1 25 - We first per-

form the following derivation proceeding froa (3). Let V1 , 1, V3j Z3

3- Z., A, , a. M* on,

+ (U-ia" v (ý)

f~v 2 , v- *,., -3 ... 1!.

1. 2 1

Tbhjznp if~

313

X R7-1)(V1..V:) - Xn-i+1(l/zlb

than i~-2

IP (aP) 00- (5)

or

50
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U "/b 1/b

n-i ) Q' - 1 1 )is distributed as FC(-)2,Snedecor a

F vith 2(m-l) and 2 degrees of freedom, when b - b 0 A test #., at

level a, based on the statistic 7° viii therefore reject H: b I bo en

1-2 i /011/b 0 - zl)1/b-is less than 1((l)2 the 100W percent pointi=2

of the F distribution vith the aproprp te na.ber of degrees of free-

dum. The value of Fal2(m-rn),Z] as s fumction of a and a can be

calculated by letting

U- /b 1/b-l
w° - (l+(mi-)°p]-- U F (n-mi)Z j

[-iatz

and finding the distributimi of 1W1 vhe b - boo (5) •oe obtains

f(v°) - (u-l)(i-v°)K2 , 0 !C ..,

and

Pfji"p~ 2u-~,J P [1iO a 0 - (1)3.(6)

if (6) is set equel to Cthen Vis seen to be 1 ~~Iand

/,[lo ie

An qper confidence bouid at level 1-a for b mW be obtalmd by setting

Z(n-i+1)(Z2' ý:.
- ~2 n~u-i)equjPl to Fa1 3(U-l), a) and solvin for b.

II 5'

II

I
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One then uses soce good estimate of b as a first apnroximation and Newton-

Raphscu ite-ation procedures until F-Ft[Z(m-l) ,2] is sufficiently small.

TESTS AND CONFIDENCE SETS BASED ON IWO ORDER STATISTICS

Next it will be demonstrated that, for m sufficiently small, a

family of coa:i'dence boa , based on Zm - TIT1 alone is preferable to

that based on the test 'A (Just derived)., To obtain the density func-
o b 1/b - 1/b

tior. for Zm, one ma:' successively integrate out . /, YZ 3 , Zr-i

fron (3). Thus,
m-2 (I/b)-l

f~z ~-j3(7)
- ~z2 )1Tm-2!1kw b [(m-k-l)+(n-rn-k+1)z m1/by

1 5z <*m

Nov,, let V z 1A Z' I *. A test I based on Z3 , therefore, rejects
a 1m 1/bo

H: b b0 whenever V0  0Za is -ess than Cl(Q)(or log Z3 is less than

b0 log Cl(z)), w.th CI(U) deteralned fm the expressi••n

M-2
n1 ()k (rn-2) kSn--,*k+l)O--a. (8)

k,,o

An upper confidence bound bl(c) for b will then be given by

bl(a) - log Z/log Cl(c) - log Z/LCI(a). In order to ascertain whether

there is a unique root of the equation (8) which is greater than

unity, let D1(O) = Cl (Q)-l and reject H when ZN1/b0 -1 < DI().
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Then (8) my be expressed as a functiaa of Ia

(n-r) !(-2) '" \k I iCjn-z+k+l)D (&f) ~

or as a polynomial g(D1(cO)) given by

(1- a) D1 (a) T1 (a-m4.k) - a (.*(C2[) n 11 (n-uwk)

~m2)

+ .. + n1 C ~ (n-mi) + n~~u 0 (9)

i-i

For 0 C<ia<,. the coefficient of the first term of the polynomial is

positive and each ot the remaining zn - 1 terms is negative.* Thus by

Descartes' Rule of Signs [7],, there is no more thwn one positive root.

Alsoj, since g(O) < 0 and g(D,(cX)) for D1(q) very large., is positivej,

there is at least one positive root. Th'erefore,, there is a unique

D(a,> 0 and a unique cý,'(a) - D1 (a) + 1 > 1.

It can be easily demonstrated frcm equation (9) that vhen n Is

sufficiently large compared with ma, D1(CZ)-

and fremi Table IX in [8 it my be corroborated t;~t f or m ~20, wLC1 (O

log (l+D 1 (cz)) is approximtely given by
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lo 1 (10)
Z,,ii

1=2

log ~ ~lFJ2(z-1),2] + 1]

This result has been demonstrated empirically using the fact that (10)

was used as a first approx1tiLon In the Nev-on-Xalhson Iterative pro-

cedure employed to generate LCW(c) and the amount of deviation from

this first guess is shown In the mchine computation output to be small.

Thus, except for large a, the test f, rejects H: b 2 b% approxImtely

when

log zz /$, log [n - 1

C(MPAKJ-( OF BOUJNDS BASID CH 0 IJD #

Very rougbTp, Vith probabiity 1 - Y the statistic log I is greater

than b log nE 1 F[~m 1),} ] and viLth probability y isI ioz V-1,il

less than this value, as long as a Is not la3.-;. Next, the statistic

, "(,- ,b •-] .

(n-*2 n 111z) +V (n-mi.]) 4 1 1

pon iidch the test i based can be considered to be i

forsome vith 2. j k jz k., a a Integersan
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Z ! We.a 2 . n #A is equi~valent to l). Then,

from (5) is rjected on the basis of A vh

log ZI/b log [i am-1 ,, [ (a-I) 2] + < ,
.b0 LflL a*

with the th percentage point of the dstribution of log Z eq.al to

bo P +~-1 11
[ n-i l 2u1~1+l

For either of the t-%, (i-a) -level congidence bounds based on 1l 8and#

then, with approximate probability y for smll a, the upper bound

6is less than

b 1og(F .[1-l,2] x+l)

-where

x=- a-lMR, " c n n- n 1 _ - l) > 1.

n-1+1 U-i

(When f-w, the two expressions Tor x are equal.) At confidence

level 1-U,. therefore., the test (,or QA v*aida yield.s the larger

value of (1) for - < S (1-y > I-a) may be complered sqerior since

it is therefore the more accurate bound. Accuracy of the boud is in

the sense of the definition of a moat accurate bound as ,round in [2]

and cm pae 5.

If the expression

lo•x•l) x >0, 0 <a <

55
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is differentiated, one obtains

-log~x~l)c + lg~cxl) -a -K~-log(ax+l) +S'-i+log(cx+i)

log2 (cx+i) cx+l ax+l l 2c a - ;- log (cx+l)

(13)

Now cosider Y±llog(y+l) whose derivative is + log(l+y)(- l/y 2 ).
y y

Since y > log(l+y), this derivative iz always positive and Y±l-log(l+y)

1 y
is increasing in y. Therefore, since a < c, the right hand term in

the numerator of (I3) is larger than the left, (13) is always positive,

and (12) is increasing in x. Heace the larger the value of x, n-i
n-l

or-i+-----• ' the more desirable the associated confidence bound.
i=2

Then, since n E 1 > --1) for m > 2, an upper confidence boundn-i+! _ --.1=2

based on f, is more accurate than one based on A for small m.

lMIASEM OF 41

The test q(Zm) can be shown to be unbiased in the following manner.

The power function B#l(b) of #1 can be expressee as a function of CI(cc),

m-2

(b) - Eb(9l) 1 - n ! k 2 1
;' k~)Do [ (m k.1) +(n-mi-k~l) (Cl(a))o/_b ]

(13)
1The form of the right side of (13) and this step of the proof were

suggested by Prof. Wayne F, Smith of the University of California at

Los Angeles.
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and the derivative o(b) thus has the form

0 M2Lm2(b 0n 1 0

b -/b fb

sTnce c1 (5) > 1. a n ce, % (b) is monotoicall decreasg in b. For

fi the two criteria for nmbiasedness are satisfied, that is

9_(b) IC for b 2b0

80(b) > a for b <b 0

Satisfaction of the first of these criteria insures that the test is of

size 09 or that sup 0 (b) = a for bb 0 since 0(b 0
"1

INDUCED TESTS AND CONF11ENME SETS

FOR REELIABIIY AND RELIABLE LIFE

INDUCED TESTS AND CONFIDWCE SET FOR F4IAILf BASED CK

ALL THE OR1R STATISTICS

Siq4poe that the mtter of concern is the problem of testing that

R(tg) -exp[- tg/5)1/b]j the propaortion of the poulation surviving

i
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at a specified time t, in less than some given Ro. ,,t

S5"/0- tl-b/lt/R(t )]. The distribution of

AT Ti/b +•( +

is • and Vben b is knavn (see [103) a uniformly most powerful

'is;I'-lee +1t•0" ' /b 1l/b
9 -level. test 1 of H: l o 5,1 or equivalently, since R(tg) -

exp[-(tg/5o)I/bJ H': R(tg) ! RO = exp [-(t8g/o)1/b] versus Kt R(tg) >Ro

is: Reject R'vhea 2m /tg is greater than X~l~/log h/R0 (accept

otherwise). Therefore H is accepted at level a' •f

Mi1  T1/b T /Vi1

2 7 +(n-,Wl) -I J Yx'(l- a)/1og9PR0 ) . (15)+ ýMl(1 )1o-,,. (5

The left side of (15) increases monotcnically as b decreases if
T l/b/' •1/b/,& (n-m~l)T I/b/4 b /

t 9<• T., ,ET Vt ,- + T +..**+
(r_=+ 1/b -a ettainly if tg I (T•1 " T ... TM)l/3. Thus for

I

t sufficiently small, if I is accepted under the assutimc that

b - b. when the value of bO is inserted for b in (15), then it would

surely be accepted if b Vere greater than b and the true value of b

were somehow to be substituted for the symbol b in (15).
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I

Hene-one ma~yform an induced test 9*of R* (H: b kb0 Istrue and

H' is true) versus K* (H is not true) .%ich uses the test f. with

b =b in (15) to teaz 1' only A:" the hypothesis H is accepted oa0

the basis of the test fl, Iow, consider

ia[lZ T"b .(n-r+ml) T = (n-jl) (ýi/b ý. (T -)-I , M K ° -

The joint density of W I, /b i : i , , Z.., M, is

Awl V2 . 0.. -v) - [II (n.i,+1)/fl/j evl+(n-1)(v 2 -wl)M] :,l
+ 600 + (n0i)(wm' )- ) 0 w < OR,

2-1 Mv <~

Thus the joint density of S. (n-_+ )(w- - (n-I,+,)(TIb-T.t")

O p, i 1i, 2, V.., m, is

f( 1 , lp ' "" Sjm) exp ) z t .j

0 :sI < a., 1-1, 2.., m

and each S. - (n-i+l) Q.l/b-T'b, 1=1,2, 2...or, mhas an Independent

pam distributi.on with scale parameter 81/b. Therefore, by a result of

Lukacs in [9], m" a E (n-i+I)(Tl/b-T'/b) is independent of any of m-1
ml i i-I.

linear cbinations of
n T1b-.b, (n,2)[Tl/b-_T/b] (n-34+) '/bTi/b)

(n-lEiI' 2 ib 1 3 2 *M-an,•l/b n/b /b

1 .9
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vhich are equal to
n1R-2 1/_/b, "o, (n-M-l) (zl/b_z1/b)

, ( /b2 n • 2 and hence
Therefore, is independent of _1 1/b and Zln c

of Z • Darroch and 1ilvey LI3 show that when the two tests which form
U

the Induced test are similar U q (b0 ) - a, 0 (o) - a'), of size a

and Cci, respectively, and are based on independent test statistics,1

then the induced test is similar and of size 1-(l-a)(l-a). Sinie

unbiasedness of a test with a continuous power function implies both

that the test is similar and that the size is equal to the significance

level; these conditions are satisfied for both 0, and 4, (see [10).

Thus •s similar and of size 1-(l-a)(1-d').

Nov, just as the tests f, and f. have been combined to form the in-

duced test the boundaries of the acceptance regions of the two

tests my be! combined to form joint confidence bounds for b and R(tg)

at confideace level (1-a)(1-a). Thi's is possible because i* is

similar and of size 1-(l-C)(1-a ). Frcm the acceptance region of the

tet #, ofH': R(tg) : Ro versus K': R(t ) > Ro with probability 1-

1 e

SepressionL (t, l/b (n-m+l)Tl /] is considered a statistic
i-1

even though it contains the parameter b since the value of b here

is assumed knowen.
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R(t) exp "-

[(T- L ' )1 /g + (T L/t ,)i/ ... + (n-m +l)(T (16 1

where the right side of (16) is momotccically decreasing in b as long as
T1./ /& / nml•//

t g <T 1  •T Tith

T1/ /b- + +*

Thus, if b 61(0) (the boundary of the acceptance region of 01) is

equal to log zm/LCa),

R(t ) 2t exj L 2 [(T1/t,,'T+ (T,/tg)1 fb + ... + (n-l)(T ) ]

(for t5 sufficiently sall) is true with probability at leat (1-a)(l-a•.

MINUCED 7ESTS AID CCMI•:ENCE S :BASED ON TWO CIR M M S•TTBTCT=

Darroch and Silvey [111 shov that the two statistics upon which an

induced test is based need not be independent. As long as the tests

are similar and of size a and a', tiAn the induced test vfl" be

s'milar and of size a with max (C, 1 ) c !C a + C Moreover, even

though • gives a uniformly most accurate confidence bound and uni-

formly most powerful testz for functions of C = 51/b when b is known,

it does not necessarily follow that this situatign holds when b is

not known. We therefore ccmrider the folloving one-order-statistic

1Ths inequality ccuitainin~g 6 gpnd the inequality b sC are jointly
true vith probability (I-C)(1-0 ) exactly.
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bound for • which allows for hand computation of test statistics and

bounds for R(t g) with t specified and also for tR, when alternatively

a survival proportion R is specified. When b is known, a test 4

of H': t - go 51/b versus : t can be obtained from any one
0 0o1

order statistic, say TVas shown in E121. If one uses such a test, H' is
I

rejected at level CX when

"'i/b> oB>(a')

where B,(cz) is equal to an v ,(n- v + 1., v) is

the 00O' percent point of the beta distribution with n - V + 1 and

Vdegrees of freedom (see 1133). Then, since R(t) 9 exp [U( 8 /)1b]I

t >0, if t is specified, the .iypotbesis H can be expressed asg 8

R(t) ,(t) R. and will be rejected when

(Tv/t) > ['B (a) log (1/R (17)

Alternatively, if a survival proportion R is specified, H' may be

expressed by R • t° -o(lOg(l/R))b and rejected when

(B(a*) log (l/R))b > 0 . (1V)

The left side of each of the two inequalities (17) and (18) is monotoni-

cally decreasing or increasing in b depending upon whether tg is less

than or greater than TV or BV(Cx )log(l/R) is less than or greater than 1,
respectively. Suppose tg < Tv or Bv(U' )log(l/R) < 1 and R' is accepted

1 In [12 ] TV Is actually the order statitic yil~din am"est expected
squared deviation of the boumd, based on the acceptance region of

K _°

from
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at significance level a on the basis of I, and the assuWtion that b

Is equal to boo Suppose also that the hypothesis H: b 2!b has been

accepted at level C9 on the basis of the test #,. Then the induced
4* I '

test of H (H and H both true) has size and significance level aX,

and max ( a' i) •a < (a + a'), as long as the test is similar and
3

of size cc . As noted earlier, unblasedness of a test with continuous

power function and sgnificance level X' iiplies that the test is

I
similar and of size a . Therefore, it is sufficient to demonstrate

'I

that 3 is unbiased in order to guarantee that aX, the size and the

significance level of tha induced test have the lower and upper limits
S

max(ax, a') and CC + Og, respectively. This is shown in the following

steps.

First, if 1!V is t.e th order statistic of a size n sanple frm •,

Weibull distribution, then (T)l/b is equivalent to the vth order

statistic WV of a size n saple from the negative exponential distri-

tion with scale parameter 1. Thus, the power function of the test I,

is given by

0' e-(n-v.1l) v/9 [leVi/9 ] dv

or orV-1 -(n-vik+l) 9 o/Av (aX'

( Z n __kv-i e
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Therefore,

(v-l) !(n--v) X '( \~ ~I~D~ I

kuo

-[to/(• ,,,, o')] f -,,

Then, since t, go. B(c'), and f(go/Bv(a')) are each greater than zero,
1g () is positive for all 9 and the power function is monotonically

increasing in C. (The power function of the dual test 43 of K!
I

versus H can in like manner be shown to be monotonically dec.reasing

in W.) Hence, both tests are unbiased, and the size and significance

level of the induced test are equal to Ce'.

A confidence bouud for R(t.) or tR can then be obtained from the

boundary of the acceptance region of the test #3 with

( 9 e [-((')D I -ý, tg V (19)

or

PftR p Tv[B (z')lOg(l/R)]} 1- , Bv(Q')log(l/R) < 1 (20)

and b S bl(t) the boundary of the acceptance region of 4! at confidence

level 1- a. Alternatively, then, one my write (19) as

l o g (tT.. T ) l , } ; o _1 - a "
Pjlog (log(l/R (tg))! LC -(/)•l• - lo• B(l

log T<T,
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tI
I

and (2o) as

113.0 tR log t.~ log T, + [log(TmITi)/ý,C9(a) jlog(lo(1/R)) (i

+ log B .a')Ia ) -C.

for log(log(i/R)) + log B,(a ) < 0.

IMPRO'M OF DERIVED TESTS AND CONFIDENCE SETS

TESTS AND CONFID:'CE SETS CONCERNING b

Now, suppose one is no longer restricted to the use of the order

statistics TI and Tm for obtaining tests and confidence sets for b,

but instead considers any two order statistics as possible candidates

upon which to base these tests and confidence sets. Suppo6e one uses

as a criterion in choosing a confidence bound of the form
(log Tr - log smallest expectd squared deviation of the bound

from the parameter b (see Harter [14])o It can- easily be shown that

there exists a combination of n and m for which the combination

of log T, and log Tm does not provide the linear invariant two-order-

statistic estimte of b that has smallest mean squared deviation frum

this parameter. Therefore, for each combination of n, m, and

considered, a coefficient, LUpI q(X), yielding an upper bound

q6 ) (10m9loT- log Tp) /i.c (a),1lC-p <q19m and the mean

squared deviation of 6 (a) from b have been calculated using

P, q
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results obtained in [8). The combination of p and q yielding the

most efficient bound, that is, the one satisfying the specified critcr-

ion, is 'Usted in Table B.I along vith values of LC - LCp (,) rm

which the bound may be obtained. Also in preparation iU an additional

table -hich will list. for selected values of c, the ratio of the menu

squared errors of the best linear invariant estimators of b based on

(1) all m available order statistics and (2) the ccnbinatior of

and X yielding the most efficient bound.
q

Consider the power functioc p (b) of the test I of H: b Ztb
jp~q ps q0

versus K: b < bo at sigaificance level a which rejects the hypothesis

when

(log Tq - log•Tp)/bo 1 (,•z)"

Proceeding from (3) it can be shown that if C (ai) = exp (LC (CO.),
ppq pi q

then • (b) has the form
p, q

no~ ~ p- Z -p-1 -ll
(b) a E(#J)_)+(

~IRVq (P1 np1 N pl(-p-l)! (n-q)! w m

l(n-- •l)

,q-op-a+k)+(n-q+a+l) (p., q(o)ob)
Thus, as in the case in which T. - T " T •and Cp, , . Cl('c), it

follows that
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b= (a-/b
(b (cP q~))0 og(;, a 0 f(s)

p. -q b bq/-

Then as before, (a) is greater than (since p is less than q),

and ~' (b) is negative.* There' ore the power functioni is monotonically
-pq

decreasing in b* This insures that the test is unbiased and tat an

induced test of H* (H: b a b0 is true and H': 0 o is true) based

on # at significance level a and *3 at significance level a' will
p., q3

be similar and of s:Lze a" ith mex (a, a') c "c a + a ' as when

G =# = 4l. Ube value of the power "rumction 0, (b) was calculated
P, q l0m 1 p, q

for b/b 0 equal to 0.25, 0.5 and 0.75 for each combination of p and q

corresponding to each combination of n, m, and a so that the relative

general sizes of the power functicns of the tests for b < b (related

to the accuracy of 1he bound) could be coepared with the relative sizep

of the mean squared deviations of the bounds from the parameter.

It was found that rhe test based on the combination of p and q

providing the most efficient bound for each combinatioa of n. =,

and C9 is not in general uniformly most powerful. That is, zr is not

always most powerful amom tests based on two order statistics for all

three of the values of b/b calculated* In each case, however,

the test corresponding to the most efficient bound appears to be if

not uniformly most powerful, at least either locally most powerful or

w. ,t powerfWl for b/bo close to zero. Furthermore, whenever a test

6-7
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"ssociated. with a bound vhich is not the most efficient has higher

power than that based on the moat efficient combination of X and Xq

for any value of b/b calculated, the power functions of the two tests

differ only sllghtly and the mean squared deviations of the two bounds are

very nearly equal.

For exale, the c omuted values of the power functions, for c - 0.05,

n a m, 16, and b/b 0  equal to O.25, 0.50, and 0,.75, are for the test

based on the most efficient combination XI and X 6  equal to 0.999997,

0.890903, and 0.296701, respectively, and for the test based on X

and X16  equal to 0.999999, 0.882135, and 0.283704, respectively. The

expected squared deviations of the two correspondIng bounds are 0.4289

and O .70, respectively.

TESTS AND CONFIDENCE SETS CONCERNING RELIABLE LIFE

It can also be shown that among lower boundfi on xR at confidence level I

I - cx"' 1 - (a + a') of the form

log T + log log (1/R) + B V(C1) (log T -log T ), 1 -- p < q ~ ,(22)
VLCp. q(0x qp

(as defined in (21)), the one vith smallest exr.ected squared deviation

aoes not necessarily have Tq =m an p=T an LC,q a LC

Furthermore, an additional improvement can be made in the following

"I.- " I



manner. Consider the identity,

log log (1/R) - Y
-y vx X)a uu+ blog log (1,"S x ,

x + yq . Yp q p

(z3)
Sp <q m

where Yk- (Xk'u)/b and Xk = log Tk for any k. Hence, if

lg lo 1V with probability exactly equal to 1 -I , thenY q - Yp
P {:, X+V (Xq -Xl)}l 1-c*.

Call in (21), ,_, and call the bound defined byLC1(a)

(22), xR(w). From (22) and (23) l. lo - wit prb-

bility greater Chan or equal to 1 - (a + a). Thus, if 1 is equal
to 1 - (a +"), a is less than or equal to V and X,,, + a ) is

less than or equal to X + V (Xq-p). It follows that for any value

S I
< x,,~ the probability that X, + V (Xq-Xp) is less than xR is smaller

than or equal to the probability that Xv + W (X4-X ) Is less than
qpR

The more accurate bound is therefore given by

xn(V) - X + V(Xq~~ -

Moreover, since the test associated with the bo'und xR(W) is of size

S(a + at) a*, the test assoelated with the bound x,(V)is also of

I6
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/I

size ' , hence of size cP since * is the significance level.

Since it is not possible by calculation and examination of the power

function tc demonstrate that the test associated with the bound xR(V)

is unbiased, this is of interest.

It was originally planned that the combination of p, q% and v yield-

ing a most efficient bound for xR would be det-Lnixned for each com-

binea tion of n, m, P., and a considered, Doing this, however, would

re,.Aire iterative calculations of 20,615 percentage points of the distri-

DtAion of V from rhe expression (or an exipression similar to that given)

on page 77 for each combination of a and R, if only sample sizes 2,

3, *.., 20 were ccnsidered. Since several seconds, at least, appear to

be required to perfurm the numerical integrations involved in calculating

each percentage point, it has been decided to cut down on the number of

necessary calculations by choosing the three order statistics on which

to base the bounds before any values of V are computed. For each

combinaticn of sample size n, censoring number m, and specified sur-

vival proportion R, the estimator of xR with smallest risk among those

of the form XV + C(X1 - .), 1 1 v Sm, I :p < q !m, will be selected.

The three order statistics specified by this estimation rule will then

provide the basis for bounds at all confidence levels for each corres-

ponding combination of r., m, and R. Indicutions are that very little

incrme-.s in risk for the bounds will result from this procedure; and the

nut-er of percentage points to be calculate.d for each combination of

cc and R will be reduced to 171.
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OBTAINIfl BObJDS ON RELIABILITY FOR SPEC IFIED REQUIRED LIFE

Suppose that required life t rather than a survival proportion R isg

specified. Then it will often be possible to use the values of V which

wv i be tabulated to obtain an upper confidence bound on R(tN), the pro-

p3rtion surviving at time t8 = exp(x )•

The bounds on xR or tR, referred to lmediately above, depend on the

identity

log log (l/R) V -x

xR -u +b log log (1/R) 3Xv + Yc - Xq . (24)

This can also be written in the form:

X _u xX XX

loglog (1/R(t)) -v + !Ely X
9 b x-q X bq p

by subtracting u from both sides of the identity in (24), dividing

by b, and replacing R by R(t ). Let x or t be specified so that
xC -X•
g vX can be calculated. Then a lower confidence bound on R(t ) is

X -_X. 9

given by the value of R corresponding to the V wh.ich is equal to

-X •and which represents a bound at the appropriate level on

x -x
q P

log log (l/R) - Y _X
V= yo l ) V - when R is specified. It will often

be the case, of course, that the required value of V is not available

in the table, in which case a larger value can be used to provide a

conservative bound on R(t).
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EXTENS ION OF RESULTS

EXTENSION TO OTHER TWO-PARAJMTER DISTRIBUTIONS

A natural extension of the results given above is the application of the

methods used in obtaining confidence bounds to various other distri-

butions . The fact that bounds based on three order statistics can be

found for a percentage point xR of the distribution of X (the extr.me-

value distribution of smallest values) depends, as noted above. upon

the identity

X +÷R (X X - xR - u+b log log (I/R), 1 9 p < q !vm In
V Y q-(Xp q -xP (25)

1 < v < m < n,

where Yk =Xk - u)ib a yR = log log (1/A), with R a specified

proportion of the populatlon to the right of the point xR. For the

extreme-value distribution, R may represent a proportion of the

population surviving at time xR. The value of yR = - log log (1/R)

has been tabulated in 15.5] for the extreme value distribution of l

values , but can also be calculated relatively easf!ly. For other dis-

tributions, values of YR can often also be calculated or have been

tabulated. For any distribution which can be transformed to one

having a location-scala parameter, that 4s, with density of the form

e! (X) = - g for some g, the identity (25) holds. Three-
el',e2 2 _ 24
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order-statistic bounds can therefore be obtained on xR for such a dis-

tribution if values of yR are obtainable and if percentiles of
(yR-Y)/(Yo-YP) can be calculated. If the first and second noments of

the distribution of the order statistics of the distribution are

available as well, a most efficient one of these bounds can be found

for various combinations of n, m, R and confidence level 1 - 9.

This method of obtaining bounds may be useful when samples from dis-

tributions for which classical bounds are available have been censored so

that classical theory does not apply.

EXTEMION TO TEE-PARANETER DISTRIBUTIONS

A further extension of the above results is to a random variable T - X

with X equal to the natural logarithm of T - X , and the distribution of

X dependent upon a location-scale parameter 6 = (0 1 , 02). These 2n-

elude the three-parameter log normal, the three-parameter Pareto and

the three-parameter Weibull distributions. The latter distribution is

applicable to the situation in which a thre-shold X exists such that no

failures can occur prior to the time X. There is a proof given in

Kaufman and Lipow L16J concerning confidence bounds on tR exP(xR),

which they have obtained as a function of order statistics TI and Tn

from any distribution of the type described above. The following is a

generalization of that proof.

7I
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Consider a specified proportion R - 1 - PF(Y)

- 1 - F - o 1) of a population and a loier confidence

bound tR which can be obtalued an a percentage point t corresponiing

to -ubn Xis ero Tt 1,be of the form ex(x) - Tv(T /T

toCpt -- c whn I. is zeo ic e mx~x <' qp T'nt, )-X+(T )[T A

gives a suitable bound for t,(X) - A + exp( e1÷62yR) when ) is inown.

It wil1 be shovw that t_ gives a conservative lower bound for tý(Rx) as

long as certain conditions are satisfied.

THRcIIEt I

If

P {tR( X) -x+ expi(et+%OrR) k t.R(;k) + (TýX (qX/T-)

then P tP :t -o. for!V

satisfying certain requiremenUts dependent upon the ralationship of

Tto T andTq.
V p q

It is sufficient to demonstrate that tR igtRX or that tRQ) is non-

decreasing in X. Consider

%X) - X +/.)V

The derivative of this expression vith respect to X is given by

, At

-I-7-4
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-LTq-XIT- pJy LVP

- ~ . v cr~-)/(~-~) [(T~?)(TpA)]**A* (z)L

-[(Tq4X)/(Tp*j}

Nowletii Tq~)/.pX) Which Is greater tan or equal to 1 since

X T1 STp : Tq- Th~eu (?.6) can be vritten

ard it is required to demonstrate, that this expression Is non-vegative
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if and only if V i -1 for V S 0. Thus, the inequality (26) is satisfied,

tR(X) is non-decrerzing in X, and tr is a convr-wative lower bound for

t, for T. - T '- Tq as long as a negative V is less than or equal to -l.

If V is positive, then T gives the worst value for T andP V

i+ +vIf- (1-1) is equal to 1 for1= and- fcr1=1 and

is monotonicay- non-increasing in 11 for -* 1 if and only if V - 1.

For TV S Tp and for TV Z Tq it can be shown by the method used above

that t is a conservative lower bound for t if V ' 0 and if V z 0, re-

spectively.

CALCULATION OF THE COEFFICIENTS YIELDING T{F

EXA•CT BOUNDS AND USE OF THE TABLES

To obtain the coefficient of an exact upper confidence bound for
b at level - a based on Xq and X one may proceed from (3) as in

obtaining the power function. The coefficient LCP. q(cx) defining the

bound is thus given by iteratively solving the equation

p-i q-p-!
1- n!? I j(_ 1 )+l(p-l)(-p-l) i/(n-q+j+l)

(p-i)k!(q-p-l)!(n- !cxo =o k j ((q-.p-j+k)+(n-q+j+l) C q(09))

= a 
(9

wh~ere C. q(Cg) = exp (LC (ax)).

The coefficient defining an exact upper bound for NR at confidence level

i. -l, as described above, is the i00oX percent point of the
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DI

log log (i/R) -X

cistribution of V T . he expression from which

the distribution percentiles of V may be obtained differs

accordingly as v <p. v - p, p < v < q. v = cb or v > q. For exaz.le,

if p <v < c6 the solution to
* p-i v-p-i q-v-i

S(p-)! -- l)(--l)(nq)' Z Z l)k+m(PlYvPlYq-

1 k=o j-o mio

-Cs exp f-c (n-p+k+l)a3/(n-qolul)(n-V.4m-J+k+l)s

+ c s exp {'c [(q-p-m+k) s + (n-q+4*l) sl'l/V]}/(n-q-mýi)[(q-•-j+k) s

+ (n-q+m*l) sl-I/v]

+ C s exp 1-c [(n+v-q-pe~a+l) s+( q- v-j+k) Bl+l/v]J/( q-v-j+k) [( q-v-j+k) 5 1+1/v

+ (n-q+m+l).d]

- C S eQ [c (n+v-akal)s /(o-v- +k)(n-\4m-j+k~l)s$ d a a a.,

where c - log(I/R)., defines the appropriate v = V when V is negativ*

or zero. For 0 < V < "be limits of integration for s are

0 to 1 , and 1 - a rather than a appears on the right side of the

equation. The equations to be solved for V under other restrictions

on v are slightly less complicated.

VI
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I

urn valuens of I'p,(a) mja(a) for X. X veze calculated itema-

tively by mens of both equatio (29) an equation (9) so that my

loss of accuracy with Increasing namer of tezu of (29) could be de-

teruade. The calculations were made in Fortran IV built-in double

pm.cisioui (16 significant figures), and the maters of ezp jk.e(ai
calculated agreed to at 1*ast seven significant figures no natter hov

large the nuer of term involved, through n equal to 200 An adi-

tim]. external check is given by the values of percentiles of

T
Tllbb = P) for2 T.n T.i0j, 1 icp < q:Cn., ex-

Tq TI?

hibited in Was I of [I7 J. Me values of WC given in Table B.I of

this report are thus accurate to within a unit In the final decimal

place shown.

Characteristic of the values of ratios of mean squ&red errors of best

linear invariant estimators of b (based on all a order statistics

and on the comination of X. and X yielding a. zot efficient bound)

is 0.793 for n = a 17. For the same values of n and a. the

correspnding ratio associated with the v, p, and q yielding a best

invariant estimator of z90 of the fý= XV + C (X•-•) is 0.8n7.

Te additimi Infoaiation contaitn4 in the vth order statistic

appears to contribute considerably to the efficiency of estimators and

bons.
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TA.BL B*I -VALUt S of- P. A td. LC. FO.A dbIAfjN%-, 14JSI LFHC1.IL%J k 4 CUN lt ,:
, ~ •Ul flit f-UMM (LU. lQ- Lot, p) /iLE. fUk I.IE aLIPL, ý,HAPE PAWAVE r•,

ANY I.0 W I THt FIIbT M Of Y EltsULL UMULk $TATISWICI?. 1le. 1 .

Occa1rma L9

0.99 0.95 0.90

x N P Q LC c p Q

2 1 2 0.02U 1 2 0.100 2 0.2C

2 0.015 1 2 0.076 1 2 0.1'4
3 1 3 0.213 1 3 3-082 1 3 0.693

1 2 U.013 1 2 0.068 1 2 0.138
3 1 3 0.167 1 3 0.387 1 3 0.565
4 1 4 0.481 1 4 0.847 1 4 1.019

5 2 1 2 0.013 1 2 0.0U6 1 2 0.130
- 1 3 0.149 1 3 3.340 1 3 0.513
4 1 4 0.392 1 4 J.706 1 4 0.928
5 1 5 0.737 1 5 1.151 1 5 1.419

0 4 1 2 0.012 1 2 0.061 1 2 0.125
3 1 3 0.139 1 3 J.321 1 3 0.483
4 1 4 G.353 1 4 J.642 A 4 0.851
5 1 5 0.617 1 5 0.083 1 5 1.226
6 1 U 0.964 1 6 1.403 1 6 1.680

7 2 1 2 C.012 1 2 j.060 1 2 0.122
3 1 3 0.133 1 3 3.314 1 3 0.465
4 1 4 0.330 1 4 J.6n5 1 4 0.805
5 1 5 0.5bo 1 5 0.902 1 5 1.133
6 i 6 0.624 1 6 1.219 1 6 1.474
7 1 7 1.164 1 7 1.01 2 7 1.284

8 2 1 2 O.011 1 2 0.058 1 2 0.120
3 1 3 0.129 1 3 3.304 1 3 00452
4 1 4 0.315 1 4 3.581 1 4 0.715
5 1 5 0.526 1 5 0.853 1 5 1.076
6 1 & 0.754 1 6 1.127 1 6 1.371
7 1 7 1.010 I y 1.424 2 7 1.101
6 1 8 1.340 2 8 1.263 2 8 1.479

i 1 2 L.011 1 2 0.056 1 2 0.118
1 3 U.125 1 3 3.298 1 3 0.443S1 4 0.30S 1 4 J.564 1 4 O.T54

1 5 0.503 1 5 0.820 1 5 1.037
.1 6 E.710 1 6 1.069 1 6 1.306

7 1 7 0.030 1 7 1.323 2 7 1.008
8 1 0 1.177 2 8 1.091 2 8 1.286
9 2 9 1.067 2 9 1.a30 2 9 1.649

10 2 1 2 0.011 1 2 0.057 1 2 0.116
3 1 3 0.123 1 3 3.?92 1 3 0.435
4 1 4 0.297 1 4 Ll 1 4 0.738
5 1 5 0.486 1 s 1.796 1 5 1.009
6 1 6 0.680 1 6 1.029 1 6 1.261
7 1 7 0.876 1 7 1.259 2 7 0.950
8 1 8 1.089 2 8 1.002 2 8 1.186

U2 9 .923 2 9 1.250 2 9 1.450
10 ' 10 1.209 2 10 1.579 2 10 1.801

11 2 1 2 0.011 1 2 0.036 1 2 0.115
3 1 3 0.121 1 3 J.288 1 3 0.429
4 1 4 0.29L 1 4 0.541 1 4 0.725
5 1 5 0.473 1 5 0.778 1 5 0988
6 1 0.650 1 6 1.000 1 6 1.228"
7 1 7 -.-43 1 7 1.214 2 7 0.910

a 1 8 1.032 2 8 0.944 2 8 1.12?
9 2 9 0.846 2 9 1.154 2 9 1.3'5

10 2 10 1.057 2 10 1.394 2 10 1.598
11 2 11 1.338 2 11 1.713 2 11 1.936

le 2 1 2 U.011 1 2 3.056 1 2 0.114
3 1 3 0.120 1 3 3.285 1 3 0.425
4 1 4 0.286 1 4 0.532 1 4 0.715
5 i 5 0.463 1 5 0.?63 1 5 0.971

o1 6 G.641 1 6 3.977 1 6 1.202
7 1 7 0.816 1 7 1.100 2 7 0.880
a 1 8 0.992 2 8 0.904 2 8 1.077
9 9 0.796 1 9 1.092 2 9 1.276
I* l lu 0.974 2 10 1.293 2 10 1.488
&1 2 11 1.181 2 11 1.524 2 11 1.710
le 2 12 1.457 2 12 1.:35 2 12 2.059
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TAUAZ B.I - COTIIIUED

0.99 0.95 0.90

1 0 P Q 1.C P Q w.0 P Q LC

13 2 1 2 0.011 1 2 J.o55 1 2 0.114
3 1 3 0.118 1 3 J.282 1 3 0.421
4 1 4 0.282 1 4 0.526 1 4 0.707
5 1 5 C.455 1 5 0.751 1 5 0.957
6 1 6 0.627 1 6 J.959 1 6 1.182
7 1 7 0.795 1 7 1.154 2 ?_ 0.857
8 1 0.961 2 8 3.874 2 F 1.043
9 2 9 0.760 2 9 1.047 2 9 1.227

10 2 10 0.919 2 10 1.227 2 10 1.416
11 2 11 1.093 2 11 1.420 2 il 1.618
I1 & 12 1.295 2 12 1.643 3 12 1.491
13 2 13 1.566 z 13 1.947 2 13 !.801

14 2 1 2 0.011 1 2 0.055 i 2 0.113
3 1 3 0.117 1 3 3.280 1 3 0.418
4 1 4 0.279 1 4 0.520 1 4 0.700
3 1 0.449 1 5 0.742 1 5 0.946
6 1 o 1J.616 1 6 0.944 1 6 1.165
7 ? (4.778 1 ? 1.133 2 7 0.839
8 1 d 0.937 2 8 0.850 2 8 1.017
9 2 9 0.733 2 9 1.014 2 9 1.190

I. 2 10 0.880 2 10 1.179 2 10 1.363
I 2 11 1.034 2 11 1.350 2 11 1.543
Ic 4 1 1.203 2 12 1.536 3 12 1.3A4
13 2 13 1.4UI 3 13 ).427 3 13 1.605
14 2 14 1.667 3 14 '.713 3 14 1.907

15 2 1 2 0.011 1 2 Z;.055 1 2 0.112
3 1 3 0.116 1 3 J.278 1 3 0.415
4 1 4 G.276 1 4 0.516 1 4 0.694
5 1 5 0.443 1 5 0.734 1 5 0.537
6 1 6 L.607 1 6 0.932 1 6 1.151
7 1 7 0.765 1 7 1.116 2 7 0.824
h 1 8 0.918 2 8 0.831 2 8 0.995
9 2 9 0.712 2 9 0.987 2 9 1.161

16 2 10 0.849 2 10 1.142 2 10 1.323
11 2 i1 0.991 2 11 1.300 2 11 1.488
le 2 12 1.142 2 12 1.464 3 12 1.313

13 2 13 1.30o 3 13 1.326 3 13 1.415
14 e 14 1.499 3 14 1.533 3 14 1.709
15 3 15 1.476 3 15 1.811 3 15 2.005

16 2 1 2 0.011 1 2 0.055 1 2 0.112
3 1 3 0.116 1 3 0.276 1 3 0.413
4 1 4 0.273 1 4 0.512 1 4 0.689
5 1 5 0.439 1 5 0.127 1 5 0.929
6 1 6 0.599 1 6 3.922 1 6 1.139
7 1 7 0.753 1 7 1.101 2 7 0.812
8 I 8 0.902 2 8 0.816 2 8 0.978
9 2 9 0.695 2 9 0.966 2 9 1.137

10 2 10 0.825 2 10 1.113 2 10 1.292
i1 2 11 0.959 2 11 1.260 2 11 1.446
12 2 12 1.096 2 12 1.411 3 12 1.261
13 4 13 1.242 3 13 1.258 3 13 1.421
14 2 14 1.403 3 14 1.427 3 14 1.598
15 3 15 1.319 3 15 1..26 3 15 1.806
16 3 16 1.5b5 3 16 1.901 3 16 2.097

17 s 1 2 0.011 1 2 0.054 1 2 0.112
3 1 3 0.115 1 3 0.275 1 3 0.411
4 1 4 0.271 1 4 0.508 1 4 0.685
5 1 5 0.435 1 5 0.721 1 5 0.922
6 1 6 0.593 1 6 3.913 1 5 1.129
7 1 7 0.744 1 7 1.o89 2 7 0.801
8 1 8 0.888 2 8 0.803 2 8 0.963
v 2 9 0.680 2 9 0.948 2 9 1.117

I1 2 10 0.806 2 10 1.089 2 10 1.266
11 2 11 C.Q 3 2 2 11 1.229 2 11 1.412
12 2 12 1.061 2 12 1.370 3 12 1.221
13 l 13 1.194 3 13 1.207 3 13 1.367
&4 2 14 1.336 3 14 1.356 3 14 1.522
15 3 15 1.228 3 15 1.521 3 15 1.693
lt 3 16 1.406 3 16 1.716 3 16 1.897
17 3 17 1.649 3 17 1.986 3 17 2.182
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OOWMM= ummz

0.99 o.9 0.90
x x Q IC , Q w F ic

Its 2 1 2 0.011 1 2 0.054 1 2 0.1113 1 3 0.114 1 3 3.273 1 3 0.4094 1 4 0.270 1 4 0.505 1 4 0.6815 1 5 0.431 1 5 30.716 1 5 0.9166 1 6 0.587 1 6 0.905 1 6 1.1217 1 7 0.735 1 7 1.0"d 2 7 0.7921 8 0.817 2 6 0.792 2 8 0.9519 2 9 0.669 2 9 0.933 2 9 1.101lu 2 10 0.790 2 10 1.070 2 10 1.24411 2 It 0.911 2 11 1.204 2 11 1038412 2 12 1.033 2 12 1.337 3 12 1.18913 2 13 1.157 3 13 1.166 3 13 1.32514 2 14 1.286 3 14 1.304 3 14 1.46615 3 15 1.165 3 15 1.448 3 15 1.61616 3 16 1.313 3 16 1.609 3 16 1.783
17 3 17 1.488 3 17 1.io0 3 IT 1.981
1e 3 Za 1.?27 3 IS 2.UOb 3 18 z0261

19 z 1 2 0.011 1 2 0.054 1 2 0.1113 1 3 0.114 1 3 0.272 1 3 0.4074 1 4 0.268 1 4 0.503 1 4 006785 5 0.428 1 5 0.711 1 5 009106 1 6 0.582 1 6 0.099 1 6 1.1137 1 7 0.728 1 ? 1.069 2 7 0.7848 1 8 0.867 2 8 0.782 2 8 0.9409 2 9 0.658 2 9 0.920 2 9 1.08610 2 10 0.776 2 10 1.053 2 10 1.27611 2 11 0.893 2 11 1.182 2 11 1036112 2 12 1.009 2 12 1.310 3 12 1.16213 1 13 1.127 3 13 1.137 3 13 1.29114 2 14 1.247 3 14 1.263 3 14 1.423i5 3 15 1.11s 3 15 1.394 3 15 1.55916 3 16 1.248 3 16 1.535 3 16 170417 J 17 1.393 3 17 10691 4 17 1.608La 3 18 10565 3 18 1.*?8 4 10 1.79919 3 19 1.802 3 19 2.141 4 19 2.069

'cu 2 1 2 0.011 1 U 00054 1 2 0.1113 1 3 0.113 1 0271 1 3 0.4064 1 4 0.267 1 4 0.500 1 4 0.6755 1 5 0.425 1 5 0.707 1 5 0.9056 1 6 0.578 1 6 a.893 1 6 1.106
7 1 7 00722 1 7 1.061 2 7 0.7778 1 8 0.858 2 8 0.774 2 8 0.9319 2 9 0.650 2 9 0.209 2 9 1.07410 2 10 0.765 2 10 1.039 2 10 1.21U11 2 11 0.878 2 11 1.164 2 11 1.342

Le ' 12 0.990 2 12 1.287 3 12 1.140L. & 13 1.102 3 13 1.111 3 13 1.2642 14 1.216 3 14 1023O 3 14 1.38715 3 15 1.081 3 15 1-352 3 15 1.51416 0 16 1.199 3 16 1.480 3 16 1.6461? 3 11 1.327 3 17 1,616 4 17 1.532a 3 16 1.469 4 18 1.532 4 16 1.68819 3 19 1.638 4 19 1.712 4 19 1.8752C 2 20 1.872 4 20 1.964 4 20 2.141
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TABLE B.I - CONTINUED

0.99 0.95 0.90

S U P Q 7.C p Q W P L LC

2 z 1 2 0.011 1 2 0.054 1 ' 0.11'

3 1 3 0.113 1 3 0.270 1 3 0.404
4 1 4 0.265 1 4 0.498 1 4 0.672
5 1 5 U.421 1 5 0.704 1 5 0.901
6 1 6 U.574 t 6 0.v87 1 6 1.100

7 1 7 0.716 1 7 1.053 2 7 0.771

8 8 5 0.851 2 8 0.767 2 8 0.922

s 9 0.642 2 9 J .899 2 9 1.063

IC 2 lu 0.754 2 10 1.026 2 10 1.197

11 2 11 U.863 2 11 1.148 2 IL 1.325

12 2 12 0.973 2 12 1.267 3 U2 1.122

13 • 13 1.081 3 13 1.090 3 13 1.240

14 2 14 1.190 ' 14 1.203 3 14 1.358

15 3 15 1.051 3 15 1.318 3 15 1.477

It a 1 1.161 3 16 1.436 3 16 1.599

17 3 17 1.277 3 17 1.5O0 f 17 1.475

16 3 1 1.01 4 18 1.459 4 1i 1.611

is 3 19 1.541 4 19 1.606 4 19 1.763

20 1 io 1.708 4 20 1.783 4 20 1.947

21 3 21 1.939 4 21 2.032 4 21 2.21C

, l 1 2 0.011 1 2 0.054 1 2 0.110

3 1 3 0.113 1 3 0.269 1 3 0.463
4 1 10 0.264 1 4 0.496 1 4 0.670

5 1 5 0.421 1 5 0.700 1 5 0.897

. I a 0.570 1 6 0.883 1 6 1.095

7 1 1 0.711 1 7 1.047 4 7 0.766

8 1 5 0.844 2 a 0.760 2 6 0.915

5 2 9 0.635 2 9 0.801 2
1z 2 10 0.74o 2 10 1.015 2 10 1.185

Al 2 11 U.d53 2 11 1.135 2 11 1.310

Id 2 12 0.959 2 12 1.251 3 12 1.106

13 2 13 1.U63 3 13 1.071 3 13 1.220

14 2 14 1.168 3 14 1.180 3 14 1.333

1s 1 15 1.027 3 15 1.289 3 15 1.447

16 3 !0 1.130 3 16 1.401 3 16 1.562

17 3 17 1.237 3 17 1.515 4 17 1.430

It 3 18 1.350 4 18 1.405 4 18 1.553

1c 3 19 1.472 4 19 1.533 4 19 1.t35
20 4 20 1.405 4 20 1.677 4 20 1.635

21 4 21 1.565 4 21 1.851 4 21 2.016
4 22 1.747 4 22 2.097 4 22 2.274
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APPENDIX C

TkLE FOR OBTA•fINnG THE BEMT INM-A flIVARIAIOT ESTMATES
OF PARAMETERS OF THE WEXM17U DISTRIBUTION

SUMMA.RY

A censored life-test situation is conaidered and the assumption of a

Weibull distribution for failure times is made. Tables are given for

estimating log reliable life, where the estimator is best among linear

estimator4 with expected loss invariant under translations. These best

linear invariant (BLI) estimators have uniformly smaller expected loss

than the Gauss-Markov best linear unbiased (BIU) estimators and are

simple linear functions of the BLU estimators. The preliminary dis-

cussion involves a comparison of the BLI estimators with other widely

used estimators. Solutions to the problem of obtaining confidence

bounds are also discussed.
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INTRODUCTION

Assume a random sample of n items i subjected to life test until

a t n failures occur. Assume further that the failure times associ-

ated with the n items are from a population of random variables

identically distributed according to a two-parameter Wibull law.

Let the random variable T represent failure time in this population.

Then

Pr[A !c t] a P6,b(t) = 1 - expt-(t/6)1/b ,

for t k 0, and F6,b (t) = 0 otherwise. Both parameters : and b

are positive. The logarithms of the failure times have the extreme-

value distribution of smallest values. If X = log T and u = log 6,

then

PrAX _x] a F ub(x) = I - exp[-exp[(x-u)/b]]

The parameter b is the scale parameter of the distribution of X ;

the variance of X is 6 , The parame'.ar u is a location param-

eter, the mode of the probability density function associated with

the distribution of X.

The reliability function, which gives the proportion of the popula-

tion surviving at log time x, is given by R(x) = 1-F(x) , or

R ub~x) = expf-exp[(x-u)/b]) . (i)
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4

Suppose that a value R is specified for R (x) and that the prob-
u b

lem of interest is the estimation of the value of x , call it xR,

corresponding to the specified R on the basis oe a censored sample.

The value xR is simply the log time at which 100%R of the popula-

tion will have survived, and is often referred to as log reliable life.

Since, from WI), R = eYp(-exp[(xR-u)/b]) , or x. = u + b log log(I/R)

xR is a parametric function of the location parameter u tzd the scale

parameter b . In this report methods for estimating the general para-

metric function i = .1u+,2b (which includes u, ,, and xR are

considered.

1..
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MAXIMUM-LIKELIHOOD ESTIMATION

Because of the regularity properties of the Weibull density function

(see Kimball [I]), maximum-liKelihood estimators of Weibull parameters

enjoy the properties of consistency, asymptotic efficiency, asymptotic

unbiasedness and asymptotic normality. The maximum-likelihood estimates

cannot, however, be calculated explicitly, but must be determined by

iterative procedures applied to sample data. Since this is so, the

expected squared error of a Weibull - ximum-likelihood estimator cannot

be determined except for large samples, for which the variances of these

asymptotically unbiased estimators are given by the Cramer-Rao bounds

for regular unbiased estima'ors. Thus, for small sample sizes, the ex-

pected loss of the estimator cannot be compared with that of other esti-

mators whose exact mean squared error can be calculated. Furthermcre,

in [2j it is shcwn that when no censoring occurs, the n order statis-

tics, [logT( 1 ,n) loT(2,n) ... logT(n,n) =

X(1,n) •X( 2 ,n) K ... X(nn)] from a size n sample are minimally

sufficient for (u,b). They are, therefore, minimally sufficient for

(6,b) or for any couple consisting of nonsingular functions of 6 and

b. In [3] this result is extended to show that in the case in which n-_
n

of a size n ordered sample is censored from above, the first m

order statistics, X(1 ,n) X•' 2,n) ' S. Xkm,n) are minimally suffi-

cient so that for o, > 2, the number of minimally sufficient statistics
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•xceeds the number of parameters to be estimated. Hence, there is no

guarantee that when m is greater than 2 the maximum-likelihood esti-

mators of Weibull parameters are the minimum-variance estimators of

their expected values, as would be the case if the number of sufficient

statistics equaled the number of parameters to be estimated (see Rao

[4]). One cannot, therefore, claim the usual optimality properties for

the maximum-likelihood estimators of the Weibull (or extreme-value)

parameters when m is greater than two, but n is not large enough

for asymptotic theory to apply. Moreover, it is not known when, for a

given p = m/n,n is sufficiently large.

89

r

I !



LINEAR ESTIMATION

For estimating the general parametric function cp = £1u + A , the

generalized Gauss-Markov Theorem (see Lloyd [5]) specifies the least-

squares estimator as the unique best one among unbiased linear functions

of X(l.n), X( 2 ,n), ... , and X(mn) for all m and n. Weibull

estimates obtained graphically from probability plots are simply approxi-

mations to the least-squares estimate, with the major source of error

being the necessarily subjective visual fitting of the least-squares

line. Let e, = £1u* + L2b* be the true least-squares or best linear

unbiased (BLU) estimator of cp based on the firet m of n ordered

sample observations, with u* and b* tho BLU estimators of u and

b, respectively. These estimators (u*, b*, and c*) enjoy all the

large sample properties attributed to maximun-likelihood estimators,

including that of asymptotic normality (see Blom [6]).

By analogy with other distributions such as the normal, one might expect

u, being a location parameter, to be estimated most efficiently by a

linear 'unction of the sufficient statistics, X(1,n)t X( 2 ,n),..X(mn)

For a scale parameter such as b, however, one might conjecture that

considerably more efficient estimation could be achieved by some other

means. That such a conjecture may well be unjustified is demonstrated

by Table A-8B(6) in Dixon and Massey [7]. This table demonstrates the
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extremely high efficiency of the best linear unbiased estimator of the

Gaussian scale parameter a with respect to the uniformly minimum

variance unbiased estimator which is nonlinear. The efficiency is 100%

= m = 2, is at its lowest (98.8%) for n = m = 6, and increases

n for n > 6. This fact, along with results given in [8], supports

author's conjecture that the best linear unbiased estimator of b

has very high efficiency with respect to any unbiased estimator of b

which is obtainable. The least-squares estimator q* of c also has

an advantage in that the estimate can be calculated directly as a linear

m
function iEI wiX(i,n) of weights vwi) = A, (ai) + A2 (c), i=!,2,...m,

which can be determined from the first moments and second-moment metrix

of the reduced order statistics, YIY 2 ,...,Ym =

(X(1,n)-u)/b, (X( 2 ,n)-u)/b,...,(X(mn)-u)/b for any given m and n.

The weights (ai] and (ci. allow for calculation of the BLU estimates

of u and b respectively. The first- and second-moment matrices of

the reduced order statistics and the weights for obtaining the estimates

were determined in [3] for 2 ! n g 25, 2 i m !9 n . The variances

Sb2 and yb2 of u* and b*, respectivelyand b 2, the covariance of

these estimators were also calculated for the same values of m and n.

In [9], it is shown that for the class of linear estimators of p

based on the first m of n extreme-value order statistics and with
i

expected squared-error loss independent of u, there is a unique best
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one given by CP = £(u*-[W'(•'y)]b* + [£,2/ 1+),* 1U + 12, , and

with expected squared error equal to

2 E(L(),2)%2
E(LU) + 2A,2 AE(CP) + AE(LB)

(2)

A, £t+ 2A1,2fl+ A2y- [(41 + A2 ) 2 /(1+k)]}b 2

for all m and n. Let loss be defin.d as squared error divitted by

b2. Then (p is the best among linear estimators of cp invariant

under location and scalar transiormations (the best linear invariant

estimator) and has been shown in [10] to be the unique admissible .Ani-

max linear estimator of p based on X(1,n)' X( 2 ,n)''*"X(m,n) for all

m and n. It also has all the aaymptotic properties of the BLU

estimator plus that of asymptotic unbiasedness. Therefore, for the

values of m and n for which tables of weights for obtaining the

estimates based on the estimation rules u* and b* and tables of the

covsriance matrices of these estimators are available, weights

(W. (A I ) + 12 (C, I for obtaining the BLI estimator CP of C,[w}= ,•{t]+n2 -

hence of u, b, or xR = u+bloglog(!/R) . are easily obtainable. The

expected error for u, b, or XR (the BLI estimator of xR) can also

be calculated from (2). The weights, (Ai) = [ai,-[/(i+Y)]ci) and

(Ci) [ (l/(1+-y)) , functions of m and n, have been calculated and

are given in Table C.I for 2 5 n - 25, 2 !9 M !n. "alues of E(LU) and

E(LB), the expected losses of u and b, respectively, and
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E(CP) Eub - ub)/b2 were also calculated and appear in Table C.I.

The indices n, m, and i all appear in Table C.I as capital letters

since no lower-case letters are available for the computer output. The

method of utilizing the weights for estimating the parameters is illus-

trated in Figure 1. In this example, the ordering of the failure times

and the calculation of the estimates has been achieved via a computer

program which r.-s tapes upon which both the BLU and BLI weights are

stored. It is evident, however, that a hand calculation of the esti-

mates cen be made with little difficulty.

9
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EXAMPLE SHOWING MEIHOG 01- COM.UTING PARAMETER ESTIMAIES FROM FAILUIE-TIME DATA

• FAILURE lI$ES I I WEIGHTS S

n - 2+ 24

I I NATURAL 1 I
• RANDOMIZEO I ASCENDING 1 LOCARIIHMS I I

* ORDER I ORDER I I I* I 1 1 1i i S

*I I I II c

* 119.0000 1 6.0000 1 1.7917595 1 0.0i12481 I 0.024o931 •
* 138.0000 & 8.6000 1 2.1517622 1 0.0137390 1 -0.0296109 *

146.0000 1 17.8000 I 2.8791985 1 0.0160213 1 -0.0304171 •
* 151.0000 1 18.0000 1 2.8903118 1 0.0182155 1 -0.031460% *

* 21.5000 1 27.5000 1 3.3141860 1 0.0203699 1 -0.03161 *
* 69.0000 1 33.5000 1 3.5115454 1 0.0225141 1 -0.3314.:k) 0

* 150.0000 1 50.5000 1 3.9219733 1 0.0240466 1 -0.0309363 *
* 8.6000 1 51.5000 1 3.9415d18 1 0.0268383 1 -0.0300915 4
* 51.5000 1 69.0000 1 4.23410b5 1 0.0290150 1 -0.0289885 *

* 89.0000 1 74.0000 1 4.404r651 a 0.0313299 1 -0.0274772 *
• 109.0000 i 74.0000 1 4.304065i 1 0.0335892 1 -0.0256841 *

* 6.000C 1 89.0000 1 4.4d86364 1 0.0359694 -0.0234404 •
74.0000 1 109.0000 1 4.6913479 1 0.0385429 1 -0.0207397 *

! 1.8O.0000 1 118.00C0 1 4.7706847 1 0.0411308 1 -0-0115568 *
• 14!.0000 1 119.0000 I s.7191235 I 0.0439276 1 -0.0137101 *

1 6.000C I 13A.0000 1 4.9272537 1 0.0468b15 1 -0.0091529 *
* 33.5000 1 141.0000 1 4.943a1599 1 0.0500545 1 -0.0036386 *
* 144.0000 i 144.0000 1 4.9698133 1 0.0535307 1 0.u030549 *
• 11.8000 1 146.0000 1 4.9836066 1 0.057380u a 0.0113897 *

• 153.00C0 1 150.0000 I 5.0106353 1 0.0617825 1 0.0219454 •
• 153.1000 i 151.0000) i 5.0172799 1 0.0669268 1 0.0360073 *

t 153.2000 1 15s.0000 1 5.0304379 1 0.0733312 1 0.0559322 *

* 50.5000 I 153.1000 1 5.0310913 1 0.0821530 1 0.0982318 *
* 74.0000 1 153.2000 1 5.0317443 1 0.1008632 1 0.1981225 *

• 1 1 I *

----------------------------- I ----------------I u = 4.1 3 9 8 1 = 0.56889 •
• 1 1 1 1•
• i I I •

--------------------------------- ---------- ----------------

* *

• •

* ~SUNiAI4Y

* u = 4.61398 5 0.56989 *
* •

* loglog(1/.90) .- 2.25037 loglog(i/.35) = -2.97020

.0 bloglog(l/.90)z 3.33376 T 28.04366

.- ;4;1oEf10g(l/.5)= 2.92426 T , 18.62038

?iguLrel I
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ACCURACY OF THE TABLES

The calculation of the moments of the order atatiatics, the original

BLU weights [ai) and tci] , and the estimator cavariance matrices

were all based on derivations and results of Lieblein in [11] and [12].

All of the computer programs involved in making these calculations

incorporated Rocketdyne's N-precision (somewhat more accurate than

double precision) subroutines. Three constants, W2/6 , r2 /12 , and

Euler's constant, correct to 22 significant figures, were read in. All

other preliminary values used in the ccmputations were generated by using

N-precision floating-point arithmetic. Differencing of 1he tabled

values indicated that the numbers given were accurate to within a unit

in the eighth decimal place. It should be noted, too, that the

weights and the covariance matrices agreed precisely with those given

by White for 2 ! n ! 20 in [13j for thn number of significant figures

listed by him. In our computations the vwriances and covariances of

the estimators were given by the values of the Lagrange multipliers

spe ;ifying tie constraints of invariance and unbiasedness for u* and

b* as indicated in [9], and thus did not require a separate calculation.

The BLI weights with the expected losses were obtained directly from

the BLU weights and the variances and covariances of u* and b*

Six decimal places only are given for the weights. The eight decimal

places included for the expected losses imply additional accuracy for

the weights.
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ESTIMATION PROC2DURE FOR SAMPLES LARGER THAN 25

If i. is greater than 25, the weights in Table C.I or the computer

routine using theee weigZhts cannot be used directly. Estimates may be

obtaine4, however, by randomly dividing the sample into an arbitrary number

of sub-samples each of which has sample size less than 25. An estimate

of b, u, or xR is then obtained as an average of the best linear

unbiased sub-estimates where each is weighted by the reciprocal of

the variance of the sub-estimator. An approximation to the best

linear invariant estimate of each parameter can then be obtained from

this average which is an unbiased linear estimate. If the total sample

is divided into a set of k uncensored sub-samples of equal size, the

4ram4r-Rao efficiency of the estimate obtaiaed by averaging is a func-

tion of the size n. of the sub-sample only, increasing with increasing1

n (see Lieblein [12]). For more irregular partitionings of the sample,

the determination of efficiency becomes more complex. For a fixed

number k of sub-samples, however, the manner in which the sample is

divided (e.g., two equal sub-samples or one large and one small) has

little effect on efficiency. In any case, when the total sample is

greater than 25, it can be seen from [8] that the Crame'r-Rao efficiency

of the estimate of reliable .,e will not usually fall below 87% even

for R close to I unless there is a great deal of censoring.
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Obtaining the proper unbiased estimate of 1 1 u + A2 b (for each sub-

sample) from which a weighted average may be obtained involves convert-

ing the estimates obtained from u and b to unbiased estimates. To

accomplish this, we note that since

CP AIu + A2  - £•[u- (B/(1+y))b*] + [L 2 /(1+y)]b* , for all and

A then b = (1+y) and u" = u + ('/(1+y))b- _u + E(CP)b*

Fu-rthermore, since E(LB) = y/(I+y) and E(CP) = V(1+y)

y = E(LB)/[1-E(LB)], b* - b/rl-E(1B)], and : = E(CP)/[1-E(JB)]. Thus

u* + LE(CP)/[1-E(LB)]jb . The variance a of u* is
[E(JU) 2 + /(+y)b+ [E(CP 2/[-E(LB)]]b 2 . We let k be

the total number of sub-samples and we let be equal to
+2 28+ A J" 1 , 2 ... k.

1I J 1+ 2 3y + 2

Then the variance of the unbiased estimator formed by the -wighted

k

average, ý - 1' 'l I, ' k 1 • ( + I b*) is

J--1

(11l) a-i
k (11%j) (Li2 a + 2t; A2  + b~a - 2  ere

the subscript J indicates with which of the sub-samples a quantity is

associated. It is simple to demonstrate that ý has the minimum variance

among unbiased estimators based ca the sub-estimutors based on the given

sub-samples.

9
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k k

The estimator k1 kS( 1y (hr
- - + Z(l/y)) (l/Yj)bj

ti-i

is the minimum-variaaiee unbiased estimator of b based on the given sub-

k

estimators k 1 k I (i/)(1/yj)(1,1. + £2yj) is the

F.(/ E (l/%) j -
J=l j-l

covariance between 4 and S) is the invariant linear function of

4 and b with smallest expected squared deviation from cf. It can

be shown, by using methods very similar to thcse used in [8] to derive
/

the form of the Cramer-Rao bound for invartlnt estimators of location
/

parameters. that q is the best linear invariant estimator of ff based

on the given sub-estimtors.

An alternative method of handling samples larger than 25 has been

derived by McCool and is explained in (14]. For large m, however,

thin. method requires considerable additional compution until such time

as additional tables combining McCool's results with those in Table C.I

are made available. Another approach is described by Johns and

Lieberman in [15]. The estimates which can be obtained from tables of

weights given by Johns and Lieberman are good approxima.tions to the

best linear invariant estimates of u and b. These weights are given

for n equal to 10, 15, 20, 30, 50, and 100 and four values of m for

each n.
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TAML C.1

WEIGHTS FOk OBTAINING BEST LIKEAR INVARIANT ESTIMATES

OF PARAMFTERS OF THE EXTREPE-VALUE DISTRIBUTION

A(N*Mtll s WEIGHT FOR ESTIMATING U
CINMI) a WEIGHT FOR ESTImATING B
E(LU) a EXPiI•D LOSS FOR ESTIMATE OF U
EfCP) a EXPECTED CROSS PROCUCT
E(LB) a EXPECTED LOSS FOR ESTIMATE OF B

N M I A(NtMo) CINttp') N M I A(NtMI) C(NoMtI
2 2 1 0.110731 -0.421383 5 2 1 -0.481434 -0.172962

2 0.889269 0.421383 2 1.481434 0.472962E(LU) C.65712995 E(LU) 1.24921018E(CP) 0,03757418 E(CPI 0.53379141
E(LB) 0.41583918 E(LB) 0.47230837

3 2 1 -0.166001 -0.452110 5 3 1 -0.137958 -0.3065622 1.166001 0.452110 2 -0.025510 -0.257087E(LU) 0.7q546061 3 1.163468 0.563650E(CP) 0.25750956 EILUJ 0.49029288E(L0I 0.45003549 E(CPJ 0.16612899
EfL8I 0.2941919:3 3 1 0.081063 -0.278666

2 C.251001 -0.190239 5 4 1 -0.006983 -0.217766
3 0.667936 0.468904 2 0.059652 -0.199351EILU) 0.40240741 3 0.156664 -0.118927E(CP) -0.01842169 4 0.790668 0.536044E(LBI 0.25634620 E(LUI 0.?9062766

EfCP" 0.030763294 2 1 -. 0.346974 -0.465455 EILB) 0.024180C.2 1.346974 0.465455
E(LUI 1.01477788 5 5 1 0.052975 -0.158131E(CP) 0.41350875 2 0.10353L -0.!55707EtLft 0.46438768 3 0.163608 -0.111820

4 0.246092 -0.0C56C04 3 1 -0.044975 -0.297651 5 0.433593 0.431?592 0.088057 '.234054 E(LU) 0.2304C495
3 0.956918 0.531705 EICP) -0.02913523EILU) 0.42315147 EILB) 0.14284288E(CP) 0.08477554

EiLB) 0.28172930 6 2 1 -0.588298 -0.477782

2 1.588298 0.4777824 4 1 0.064336 -0.203052 EILul 1.48102383
2 C.147340 -0.182749 E(CP) 0.631489803 0.262510 -0.070109 E(LB) 0.477340784 0.526813 0.455910

E(LUl 0.29247651 631 -0.211474 -0.311&!*7E(CP) -0-02831210 2 -0.112994 -0.2713d1EIL8! 0.18386193 3 1-3244#68 0.58322q

E(LU) 0.57539484
E(CPJ 0.2326961t.
EILB) 0.30173252

tt
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TABLE OF WEIGHTS ICONTINUEC)

N M I AINPII) CIhNql) N li I AINMII C(NtloI

6 4 1 -0.063569 -0.225141 7 6 1 0.013524 -0.138436

2 -0.006726 -0.209083 2 0.041588 -0.140342

3 0.079882 -0.146386 3 0.075499 -0.121821

4 0.990412 0.580610 4 0.117461 -0.082938

E(LUS 0.31552097 5 0.172092 -0.015394

E(CP) 0.08035062 6 0.579535 0.498931

ECLB) 0.21242254 E(LU) 0.18269947

E(CP) -0.00130057

6 5 1 0.007521 -0.169920 EIL8) 0.12760617

2 0.048328 -0.166319

3 0.101608 -C.129510 7 7 1 0.038743 -0.108323

4 0.172859 1.,054453 2 0.064086 -0.113479

5 C.669685 0.520201 3 0.090785 -0.103569

EfLU) 0.22351297 4 0.120971 -0.078748

EtCP) 0.00888019 5 0.157657 -0.032632

EILBI 0.15690540 6 0.207825 0.054727

7 0.31991- 0.382022

6 6 1 0.044826 -0.128810 E(LU) 0.16219070

2 0.079377 -0.132102 EMCPI -0.02578937

3 0.117541 -0.111951 ECIB) 0.09836496

4 0.163591 -0.064666
5 0.226486 0.0317q6 8 2 1 -0.752513 -0•48361o

6 0.36617q 0.405733 2 1.752513 0o483616

EtLU) 0.19030430 ECLU) 1.91861540

EICPl -0.02771574 E(CPI 0.78453314

EMLR) 0.11657671 EtU8) 0.48337662

7 2 1 -0.676894 -0.481140 8 3 1 -0.323875 -0.317890

2 1.676894 0.481140 2 -0.243808 -0.288231

E(LU) 1.70468001 3 1.567683 0.606120

E(CP) 0.71366553 E(LU) 0.76198737

EILB) 0.48082310 EtCP) 0.33734068

E(LB) 0.31047652

7 3 1 -0.272195 -0.31-369
2 -0.184061 -0.281139 8 4 1 -0.149973 -0.232805

3 1.456255 0.596507 2 -0.105015 -0.120324

EILU) 0.66758707 3 -0.032257 -0.176675

EICPI 0.28885432 4 1.287245 0.629805

EILS) 0.30681307 EILU) 0.39805551
EICP) 0.15928131

7 4 1 -0.110274 -0.229691 EMIS) 0.22335819

2 -0.060226 -0.215613

3 0.018671 -0.164168 8 5 1 -0.062656 -0.18O231

4 1.151829 0.609472 2 -0.032248 -0.176510

EfLU) 0.35340223 3 0.012767 -0.149566

E(CP) 0.12260634 4 0.072446 -0.101642

EILB) 0.21884662 5 1.009691 0.607948

E(LUl 0.25192092

T 5 1 -0.030368 -0.176203 EICP) 0.0712917Z

2 0.004333 -0.172399 EIL8) 0.17037848

3 0.052957 -0.141218

4 0.117599 -0.082820 8 6 1 -0.013509 -0.143834

5 0.855480 0.572640 2 0.010292 -0.145006

E(LU) 0.23316740 3 0.041357 -0.128393

EICP) 0.04212562 4 0.080475 -0.095696

0.16497315 5 0.130327 -0.043280

6 0.751058 0.556209

EILUI 0.18599844
E(CP) 0.02247163

EMLi) 0.13422386
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TABLE OF WEIGHTS (CONTINUED)

N ! A(NPAl C(NtI',) I M I A(NMtl) C(NMII

8 7 1 0.015973 -0.116317 9 7 1 -0.004220 -0.1209882 0.036729 -0.120331 2 0.013386 -0.1242453 0.060439 -0.110582 3 0.035068 -0.115091A 0.088239 -0.088450 4 0.061198 -0.0955085 0.122062 -0.050995 5 0.093013 -0.0641626 0.165529 0.009700 6 0.132740 -0.0171877 0.511030 0.476975 7 0.668815 0.537180E(LUI 0.15505149 E(LU) 0.15547192EtCP) -0.C06413C4 EiCP) 0.01139509
ElLA) 0.10726405 EMLB) 0.11278822

8 8 1 0.034052 -0.093270 9 8 1 0.016797 -001006112 0.053552 -0.098886 2 0.032919 -0.1047503 0.073452 -0.093994 3 0.050582 -0.09S6084 0.095062 -0.079752 4 0.070497 -0.0862265 0.119768 -0.053918 5 0.093635 -0.0635416 0.149934 -0.010179 6 0.121560 -0.0283467 0.191236 0.069325 7 0.1'7175 0.0265258 0.282943 0.360675 8 0.456836 0.455956E(LU) 0.14136026 E(LUI 0.13496842E(CP) -0.02386561 E(CP) -0.00906894
MR) 0.08501680 E(L61 0.09236358

9 2 1 -C.818444 -0.485517 9 9 1 0.030338 -L.0817772 1.818444 0.485517 2 0.045872 -0.0&7308E(LU) 2.12272209 3 0.061368 -0.0815084E(CP) 0.84680378 4 0.077742 -0.016470E(LL) 0.48532951 • 5 0.095769 -0.060667

6 0.116517 -0.0351369 3 1 -0.368833 -0.319786 7 0.141932 0.0060012 -0.295280 -0.293621 8 0.176764 0.0788283 1.664113 0.613407 9 0.253697 0.341614E(LU) 0.85621748 E(LUI 0.12529518E(CP) 0.37995861 E(CP) -0.02209438E(LB) 0.31324611 E(LB) 0.07482425

9 4 1 -0.184461 -0.235080 10 2 1 -0.876869 -0.4870222 -0.1-3505 -0-223891 2 1.876869 0.487022
3 -0.0?5815 -0-185970 E(LU) 2.317440544 1.403781 0.644941 EtCP) 0.90232208E(LU) 0.44625568 E(L8) 0.48687150E(CP3 0.19160927

E(LBI 0.22671251 10 3 1 -0.408602 -0.321265

2 -0.340443 -0.297a589 5 1 -0.090726 -0-183061 3 1.749045 0.619124
2 -0.063541 -0.179515 E(LU) 0.949075513 -0.021495 -0-155825 E(CP) 0.41795081

4 0.034159 -0.115133 E(LB) 0.31541467
5 1.141604 0.633534

E(LU) 0.27605014 10 4 1 -0.214930 -0.236817
EICP) 0.09715351 2 -0.177223 -0.226688EML8) 0.17429417 3 -0.113820 -0.193159

4 1.505973 0.6566631 -0.037118 -0.147411 EtLU) 0.496197362 -0.016377 -0.148150 E(CP) 0.220478163 0.012499 -0.133219 E11) 0.22930885
4 0.049305 -0.105060
5 0.0Y5i614 -0.062073
6 0.896078 0.595913EILUI 0.19579592

EICP) 0.04378261
E(L8) 0.13880129
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TABLE CF hEIGHTS (r',%TIINUEL:

N I A (N 1 ) C (NIoV,Nf I I I A(N,9MI C(NoI)

10 5 1 -0.115524 -Q.185169 10 10 1 0.027331 -0.072734
2 -0.09C868 -0-181821 2 0.040034 -0.077971
3 -0.051341 -0.160697 3 0.052496 -0.077242
4 0.0O009' -0.12r311 4 0.065408 -0.071876
5 1.25o• 01.652997 5 0.019263 -0.061652

EtLU) 0.30;d4i4'0 6 0.094638 -0.045420
E(CPI 0.12 I0305 7 0.112414 -0.02C698
E(Lfl 0..7727542 8 0.134239 0.017927

9 0.164174 0.085070
10 6 1 -0.058017 -0.149985 10 0.230001 0.324597

2 -0.039595 -0.150451 E(LU) 0.11252220
3 -0.012513 -0.136941 E(CPl -0,C2050852
4 01.022314 -0.1122:?4 E(LB) 0.06679250
5 0.0657f50 -0.075721

6 1.022062 0.625321 11 2 1 -0.929310 -0.488243
EILU) 0.20973843 2 1.929310 0.488243
E(CP) 0.06299841 E(LU) 2.50340024
EILB) 0.14219828 E(CP) 0.95239887

E(LO) 0.488120C0
10 7 1 -0.022198 -0.124170

2 -0.0069Oq -0.126814 11 3 1 -0.444245 -C.322452
3 0.013224 -0.118392 2 -0.380642 -0.301277
4 0.037994 -0.100924 3 1.824887 0.6? i29
5 0.068153 -0.073988 EILUI 1.03995578
6 0.105164 -0.035501 E(CP) 0.45220741
7 0.804572 0.579868 EILB) 0.31715?3C

E(LU) 0.16066059
E(CP) 0.02762724 11 4 1 -0.242206 -0.238188
E(LB) 0.11670571 2 -0.207204 -0.228941

3 -0.147490 -0.198888
13 8 1 0.001179 -0.104082 4 1.596900 0.666017

2 0.014889 -0.108163 E(LU) 0.54681985
3 0.030998 -0.103119 E(CP) 0.24633583
4 0.049734 -0.090835 EILB) 0.23138012
5 0.071745 -0.070902
6 0.098114 -0.041560 11 5 1 -0.137718 -0.186803
7 0.130649 0.000799 2 -0.115110 -0.183651
8 0,602692 0.517864 3 -0.077762 -0.164597

EILU) 0.13403554 4 -0.028411 -0.13327e
E(CP) 0.00474963 5 1.359000 0.66e329
E(Lb) 0..9704810 EILU) 0.33282848

EICP) 0.14129911
10 9 1 0ý016841 -0.087538 EILP) 0.17962678

2 0.029807 -0.092405
3 0.043570 -0.089839 11 6 1 -0.076739 -0.151q36
4 0.058640 -0.081428 2 -0.060142 -0.152221
5 0.075576 -3.066855 3 -0.034581 -0.13;9C7
6 O.Oq5169 -0.044670 4 -0.001490 -0.117886
7 0.118707 -0.011816 5 0.03951° -0.006131
8 0.148515 0.038159 6 1.13343% 0.64808]
9 0.413116 0.436394 EILUI 0.22640907

EILU) 0.11965747 EICP) 0.08045010
ElCP) -0.01043e59 E(LB) 0.14483423
E(LB) 0.08100409

11 7 1 -0.038349 -0.126507
2 -0.024842 -0.128838
3 -0.005964 -0.12C951
4 0.0 1 7

632 -0.105219
"0.046354 -0.081602

6 0.061182 -0.048929
7 0.923987 0.612047

EILUI 0.16905710

EICP) 0.04246025
EIL8) 0.11966982
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TABLE OF kEIGHTS (CONTINUEC)

N I A (No PsIf) c (K?#'IJ) K M I A( NtM, I C IoI
ii 8 1 -0.012943 -0.106q22 12 3 1 -0.476530 -0.3234262 -0.001050 --0.110498 2 -0.41683t3 -0.3040933 0.013869 -0.105662 3 1.89336? 0.6275194 0.031661 -0.094415 E(LUI 1.128570975 0.052723 -0.076693 E(CPJ 0.483386676 0.077815 -0.051525 EILB) 0.31859354

7 C.108161 -0.016860
8 0.729765 0.562564 12 4 1 -0.266888 -0.239300E(LUI 0.13669382 2 -0.234180 -0.230796E(CP) 0,01751192 3 -0.177681 -0.203562

E(LB) 0.10043756 4 1.678749 0.673657
E(LU) 0.5974804311 9 1 0.004425 -0.091115 E(CP) 0.270267742 0.015498 -0.095437 EULB) 0.23307201

3 C.028023 -0.092780
4 C.042178 -0.084833 12 5 1 -0.157792 -0.1e81(;95 0.058340 -0.071581 2 -0.136884 -0.18514,26 0.077093 -0.052182 3 -0.101445 -0.1677907 0.099349 -0.024880 4 -0.054640 -0.1396938 0.126592 0.013606 5 1.450761 0.68C7349 0.548502 0.499201 E(LU) 0.36338878E(LUt C.11809425 E(CPI 0.16042600E((-P) 0.00058414 E[LS) 0.18153147EILB) 0.08503131

12 6 1 -0.093679 -0.15347111 10 1 0.016502 -0.C77717 2 -0.078561 -0.153632
2 0.027205 -0.082449 3 -0.054320 -0.1423293 0.038291 -0.081388 4 -0.022769 -0.1224744 0.050160 -0.075977 5 0.016136 -0.0943555 0.063170 -0.066222 6 1.233193 0.6662616 0.077772 -0.051429 E(LUI V.244900947 0.094625 -0.030120 E(CPI 0.096410228 0.114811 0.000537 EULB) 0.14694548
9 0.140333 0.046381

10 0.377130 0.418384 12 7 1 -0.052987 -0.12a308E(LU) 0.10756449 2 -0.040893 -0.130339E(CF) -0.01109747 3 -0.023072 -0.123C07EfLb) 0.07207183 4 -0.000515 -0.1O07 1 2

5 0.026930 -0.0876e111 11 1 0.024850 -0.065444 6 0.059918 -0.0592562 0.035456 -0.070318 7 1.030620 0.6373043 0.045727 -0.070456 ECLU) 0.17967935
4 0.056215 -0.067076 EMCPI 0.056079195 0.067261 -0.06020t E(LB) 0.12200601
6 0 079220 -0.049300
7 0.092560 -0.033156 a2 8 1 -0.025785 -0.1090458 0.108034 -0.009427 2 -0.015312 -0.112224
9 0:12706: 0.026879 3 -0.001353 0.10762710 0.153197 0.029148 4 0.015634 -0.09727611 0.210412 0.309357 5 0.035853 -0.081361E(LU) 0.10212039 6 0.059835 -0.059315E(CP) -0.01910164 7 0.088444 -0.029900E{LB) 0.06030372 8 0.842684 0.596748

E(LU) 0.1418658012 2 1 -0.976872 -0.489254 E(CPI 0.02930146
2 1.976872 0.489254 E(LB) 0.10304331E(LUI 2.68127021

E(CP) 0.99799849
E(LB) 0.48915157
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TABLE eF WEIGHTS (CONTINUEO)

N II | ANN,1.II C1t4,|) 1 N I A£NM,I) CINMi)

12 9 1 -0.006944 -0.0'43658 13 3 1 -0.506031 -0.32423c)
2 0.002669 -0.097540 2 -0.449735 -0.3061'54
3 0.014239 -0.094893 3 1.955765 0.630694
4 C.027669 -0.007448 EILUI 1.21490934
5 0.043189 -0.075371 E(CP? 0.51198847
6 - n61Z2! -0.058180 E(Ld) 0.31979363
1 ';.082441 -P 034802
6 n.107856 .0.003342 13 4 1 -0.289420 -0.240219
9 C.667655 0.545234 2 -0.258687 -0.232349

EILU) 0.11929957 3 -0.205024 -0.207450
E(CP) 0.01087297 4 1.753131 0.68C0iS
EfL8) 0.08799386 E(LUl 0.64778295

EICP) 0.29204583
12 10 ' 0.006411 -0.060881 EULS) 0.23448055

2 0.015598 -0.085171
3 0.025675 -0.003952 13 5 1 -0.176109 -0.189177
4 0.036799 -0.07M714 2 -0.156637 -0.1863Pl
5 0.049211 -0.069610 3 -0.122893 -0.17C454
6 0.063256 -0.CS6237 4 -0.078337 -0.144911
7 0.0794i -0.037675 5 1.533976 0.69C983
8 0.0985z4 -0.012272 E(LU) 0.39459617
9 0.121752 0.022956 EiCP) 0.1.799724

10 0.503338 0.481555 EMLS) 0,183107C9
E(LUJ 0.103?73191
EMCP) -0.00210755 13 6 1 -0.109140 -0.154711
EfL8) 0.0755750T 2 -0.095246 -0.154785

3 -0.072165 -0.144347
12 11 1 0.0I'PZ -0.06979S 4 -0.041997 -0.126268

2 0.0241,17 -0.074285 5 -0.004940 -0.101028
3 0.0341: A -0.074131 6 1.323488 0.681140
4 0.043790 -0.070617 EILUI 0.26460952
5 0.054149 -0.063891 EfCP) 0.11109896
6 0.065515 -0.053621 EMLS) 0.14867755
7 0.078264 -0.039034
a 0.09295R -0.018715 13 7 1 -0.066358 -0.129743
9 0.110521 0.009948 2 -0.055414 -0.131538

10 0.137666 0.052280 3 -0.03S503 -0.124701
11 0.347033 0.401864 4 -0.016879 -0.111609

EELUJ C.09715217 5 0.009416 -0.092649
EICP) -0.01134890 0 0.040810 -0.067475
E(LBI 0.06487266 7 1.126930 0.657714

EMLU) 0.19187273
12 12 1 0.022771 -0.059449 E(CPs 0.06864731

2 0.031776 -0.063952 EMLS) 0.12390133
3 0.000408 -0.064601
4 0.049122 -0.062489 13 8 1 -0.037540 -0.110704
5 0.058175 -0.057754 2 -0.028206 -0.113563
6 0.067800 -0.050137 3 -0.015049 -0.109206
7 0.0)T8281 -0.039010 4 0.001231 -0.099644
6 0.090017 -0.023199 5 0.020686 -0.085204
9 0.103664 -0.000505 6 0.043677 -0.065581

10 0.120475 0.033696 7 0.070830 -0.039995
11 0.Z43566 0.091751 8 0.944372 0.623a96
12 0.193?47 0.295648 E(LU) 0.14885020

ElfU) 0.09348388 E(CP) 0.04022462
E(CP) -0.01785537 Etta) 0.IC512398
ELB) 1.05495436

13 2 1 -1.02037a -0.490105
2 2.020377 0.490105

E(LU) 2.85169694
E(Cp) 1.039850?1
ERLB) 0,49001823
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TA8LE OF WEIGHTS (CONTINUED)

N P I AlNvP,|I C(NPt|I N p I AiNoMI I C (,4,P,

13 9 1 -0.017389 -0.095590 13 13 1 0.021005 -0.054436
2 -0.008934 -0.099109 2 0.028757 -0.058585
3 0.001863 -0.096521 3 0.036127 -0.059535
4 0.014684 -0.089554 4 0.043501 -0.058259
5 0.029637 -0.078490 5 0.051078 -0.054942
6 0.047027 -0.)b3068 6 0.059028 -0.049472
7 0.067346 -0.042607 7 0.067533 -0.041504
8 0.091328 -0.015928 8 0.076831 -0.030398
9 0.774437 0.58C365 9 0.087274 -0.015037

MU) 0.12250342 10 0.099441 0.006644EICP) 0.020463?6 11 0.114446 1.038943E(L8) 0.09030201 12 0.135068 3.093324

13 0.179913 0.283257
13 10 1 -0.002927 -0.083170 EILUI 0.08619744

2 0.005067 -0.08708V EiCP) -0.01674314
3 0.014356 -0.08579L ELL) 0.05046988
4 0.024891 -0.080789
5 0.036816 -0.072325 14 2 1 -1.0&•461 -0.49C831
6 0.050389 -3.060181 2 2,06': 1 0.49C831
7 0.065995 -0.043768 E(LUl 3.01527•8
8 0.084201 -0.022048 EfCP) 1.07852097
9 0.105863 0.006715 EiL8) 0.49C75663

10 0.615348 0.528441
EILUI 0.10607774 14 3 1 -0.533185 -0.324929
E(CP) 0.00635741 2 -0.479874 -0.308462
11LB) 0.07818835 3 2.013059 0.633391

EtLUl 1.29865775
13 11 1 0.007628 -0.072617 EICPS 0.53840104

2 0.015408 -0.0'6746 EiLIt 0.32081Z69
3 0.023732 -0.076418
4 0.032743 -0.072938 14 4 1 -0.310144 -0.240992
S 0.042611 -0.066531 2 -0.281132 -0.233670
6 0.053556 -0.057014 3 -0.229990 -0.210735
7 0.065876 -0.043886 4 1.821266 0.685397
8 0.080005 -D.026244 EILUI 0.69748231
9 C.096594 -0.002552 EtCPl 0.31216081

10 0.116703 0.029910 EtLb) 0.23567174
11 0.465143 0.465037

E(LU) 0.09583611 14 5 1 -0.)92947 -0.19n0o8
EICP) -0.00388186 2 -0.174709 -0.187427
EMLR) g.06795140 3 -0.142478 -0.172710

4 -0.099930 -0.149393
13 12 1 0.015382 -0.063288 5 1.610065 0.699598

2 0.023100 -0.067492 EILU) 0.42609561"0.030818 -0.067892 EiCP) 0.194239C3
0.038824 -0.065622 E(LB) 0.18443288

5 0.047302 -0.060887
6 0.056444 -0.053540 14 6 1 -0.123352 -0.155736
7 0.066482 -0.043158 2 -0.110490 -0.155747
8 0.077739 -0.028970 3 -0.088443 -0.146054
9 0.090699 -0.009644 4 -0.059523 -0.12V460

10 0.106166 0.017233 5 -0.024111 -0.106556
11 0.125627 0.056547 6 1.405919 0.693553
12 0.321416 0.386713 E(LU) 0.2851197a

EILU) 0.08961947 E(CPI 0.124694?7
EtCP) -0.01136145 E(LS) 0.15012578E(LB) 0.05895232
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TABILE OF vEIGHTS (CONTIIUEDI

N 94 i A(N11l) C(N,#',j N m I A(NMI) CINvll

14 7 1 -0.078656 -0.130915 14 12 1 0.008361 -0.0658162 -0.06q666 -0.132521 2 0.015058 -0:0697283 -0.052554 -0.1'6123 3 0.022076 -0.069?624 -0.031776 -0.11405) 4 0.029552 -0.0676595 -0.00657 -0.096788 5 0.037615 -0.0630706 0.023467 -0.074le4 6 0.046411 -0.0561307 1.214708 0.674581 7 0.056132 -0.046558ELtU) 0.20518a43t 
8 0.0670M9 -0.033834EICP) 0.08030259 
9 0.079506 -0.017101

0.12547311 10 0.094096 0.00506411 0.111723 0.03515614 8 1 -0.048365 -0-112041 12 0.432431 0,4496382 -0,039964 -0.114637 EiLU) 0.o87716693 -0.02749S -0.110509 E(CP) -0-00506397A -0.011849 -0.101635 FILB)
5 C.006905 "0.088242 0.06168210
6 0.029002 -0.07073• 14 13 1 0.014760 -0.057e497 0.054897 -0.048074 2 G.021453 -0.0617643 1.036868 0.646052 3 0.020064 -0.062506EICU) 0.15716466 4 0-034842 -0.0610?4EICPf 0.05038249 

5 0.041933 -0.057693
E(LB) 0.10603049 6 0.0'9474 -0.052317

7 0.057619 -0.04470714 q 1 -0.027030 -n.097117 8 0.066569 -0.0344202 -0-019516 -0-100334 9 0.076605 -0.0207133 -0.009363 -0.097327 10 0.038151 -0.-023384 0.002928 -0.09j298 11 0.101914 0.0229435 0.017368 -0.031103 12 0.119200 0-0596436 0.034165 -0.067124 13 0.299416 0.3727957 0.053685 -0.048921 E(LU) 0.082762118 0.076476 -0.025720 EICP) -0.011232719 0.871267 0.609445 EIL0)
V!tu; 0-12719149 0.05400148CiCPi 0.02941694 14 14 1 0.019487 -0.050186

0,09Z16556 2 0.02623b -0.054008
3 0.032614 -0.05513014 10 1 -0.011580 -0.084931 4 0.038947 -0.0544192 -0.004548 -0-08e528 5 0.045399 -C 0520S53 0.004100 -0.087207 6 0.052097 -0.0480.64 0.014.44 -0.082451 7 0.059168 -0M0421975 0.025647 -0.074573 8 0.066767 -0-0340996 0-0.M794 -0.063473 9 0.075102 -0.0231497 0.053879 -0.048768 10 0.084482 -0.0082858 0.071335 -0.029776 11 0.095426 0.0124309 0.091783 -0.005398 12 0.108942 0.04301510 0.716445 0.565105 13 0.127523 0.0941I6E(LU) 0.10103536 

14 0.167807 0.272c:!E(CP) 0.01430729 E{LU) 0.07996685
0.08024763 EI(CP) -0.01576372

14 11 1 -0.000170 -0.074686 E(LB) 0.04665712
2 0.006622 -0.078499 15 2 1 -1.097617 -0.4914583 0.014283 -0.078064 2 2.097617 0.4914584 0.022800 -0.074680 E(LU) 3.172564605 0.032273 -0.068624 E(CP) 1.114456126 0.042866 -0.-C9816 EIL8) 1.144512
7 0.054817 -u.047926 0--9139327
8 0.068463 -0.03i355 15 3 1 -0.55833( -0.3255219 0.0R4290 -0.012126 2 -0.507671 -0.31019110 0.103025 0.014349 3 2.066007 0.63571211 0.570731 0.512429 EILUI 1.38015851E(LU) 0.09566494 EICP) C.56293169E(CMI 0.00320055 ECLBI 063168E(LS; 0.07027548
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TABLE CF WEIGHTS (CONTINUED)

N M I A(NPI) CIN,0,II N P I A(NM,I) CIN.HI)

15 4 1 -0.329324 -0.241651 15 10 1 -0.019626 -0.0863392 -0.301829 -0.234806 2 -0.013383 -0.0896643 -0.252948 -0.213548 3 -0.005271 -0.0883414 1.884101 0.690005 4 0.004351 -0.083828E(LU) 0.74642859 
5 0.015475 -0.076474E(CPI 0.33084387 6 0.028227 -0.066261ECtNI 0.23669248 ? 0.042832 -0.052943
8 0.059624 -0.03605415 5 1 -0.208525 -0.190R23 9 0.079072 -0.0148632 -0.191357 -0.188323 30 0.808700 0.5947683 -0.160491 -0.174645 E(LU) 0.111218624 -0.119743 -0.153153 EfCP) 0.021777955 1.680121 0.706944 EILB) 0.08192616E(LU) 0.45754555

E(CP) 0-20933279 15 11 1 -0.007450 -0.076297E(LB) 0.18556433 2 -0.001467 -0.079835
3 0.005652 -0.C7933215 61 -0.13649 -0.156597 4 0.013759 -0.0760682 -0.124518 -0.156563 5 0.022893 -0.0703553 -0.103401 -0.147517 6 0.033174 -0.062181-0.075614 -0.132!62 7 0.044787 -0.051331-0.041680 -0.111215 8 0.057997 -0.037396S1.481712 0.704074 9 0.0731R0 -0.0o9723E(LU) 0.0 • 0 410 0.090865 00C02701E(CPI 0.13734100 11 0.666610 0.549817E(L8) 0.15135556 E0LU) 0.09681113

E(CP) 0.0098947115 7 1 -0090036 -00101891 E(LB) 0.072124922 -0.080850 -(,.133342
3 -0.065446 -0.127335 15 12 1 0.001756 -0.0676954 -C.045441 -0.116138 2 0.007624 -0.071342
5 -0.021137 -0.100291 3 0.014079 -0.0714596 0o007597 -0.079774 4 0.021133 -0.0691787 1.295312 00688771 5 0.028861 -0o.0•4779E(LU) 0.21929214 

6 0.037374 -0.058256E(CP) 0.09116039 7 0.046827 -0.049425
ECLB) 0.12679942 8 0.057431 -0.037926

9 0.069479 -0.02318015 8 1 -0.058390 -0.113143 10 0.083393 -0.00&-2 -0.050767 -0.115520 11 0.099799 0.--tiz,3 -0.038897 -0.111607 12 0.532243 0.4972844 -0.023825 -0.!03332 E(LU) 0.08723396
5 -0.005717 -0.091156 E(CPJ 0.000946126 0.015565 -0.0750.53 E(LB) 0.C6376409
7 0.040351 -0.054703
8 1.121680 0.664514 15 13 1 0.008779 -0.06013CEILM ) 0.16646559 

2 0.014620 -0.063805EdCP) 0.05•86446 3 0.020637 -0.064394
E(LB) 0.10825884 0.026961 -0.062900

5 0.033693 -0.05957415 9 1 -0.035972 -0.098361 6 0.040939 -0.0544172 -0.029235 -0.101322 7 0.048e28 -0.0472693 -0-019633 -0-098904 8 0.057528 -0.0378214 -0.007812 -0.092773 9 0.067265 -0.0255655 0.006156 -0.083327 10 0.078368 -0.079692
6 0.022403 -0o07054-t 11 0.091330 0.0111137 0.041203 -0.054142 12 0.106947 0.039S558 Co062969 -0.033c95 13 0.404106 0.435302

9 0.959920 0.632967 EILU) 0.08092217EILUJ 0.13300106 E(CP) -0.00585240EtCP) 0.03779810 E(LBI 0.05644073EILS) 0.09370837

log
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TABLE OF %EIGHTS (COhTIhUEC)

N P I AIP,13 CENtPI) h " I A(NMtI) CtN*Pt|)

15 14 1 0.014143 -0.053241 16 5 1 -0.223015 -0.191470

2 0.020013 -0.056879 2 -0.206788 -0.189099

3 0.025750 -0.057827 3 -0.177158 -0.176323

4 0.031576 -0.056973 4 -0.138048 -0.156390

5 0.037611 -0.054542 5 1.745009 0.713282

6 0.043958 -0.050539 EtLUl 0.48908000

7 0.050725 -0.044833 EtCP) 0.22342597

8 0.058045 -0.037157 E(LB) 0.18654151

9 0.066092 -0.027072
10 0.075114 -U.013872 16 6 1 -0.148725 -0.157331

11 0.085490 0.003612 2 -0.137508 -0.157263

12 0.097844 0.027465 3 -0.117232 -O.148785

13 0.113340 0.061879 4 -0.090481 -0.134532

14 0.20298 0.359980 5 -0.057883 -0.115196

ELUVI 0.07689745 6 1.551828 0.713108

EtCP) -0.01102126 EELU) 0.32746210

EILB) 0.04980248 E(CP) 0.14915808
((18) 0.15241331

15 15 1 0.018170 
-0.C46538

2 0.024108 -0.050064 16 7 1 -0.i00621 -0.132718

3 0.029685 -0.051279 2 -0.092121 -0.134040

4 0.035191 -0.050957 3 -0.077354 -0.12e381

5 0.040762 -0.049293 4 -0.058057 -0.117942

6 0.046496 -0.046315 5 -0.034624 -0.103296

7 0.052488 -0.041899 6 -0.007020 -0.084506

0 0.058844 -0.035827 7 1.369798 0.700883

9 0.065696 -0.027731 E(LU) 0.23396225

10 0.073230 -0.017008 EMCP) 0.10131710

11 0.081725 -0.002653 EELB) 0.12793461

12 0.091651 0.017156
13 0.103914 0.046191 16 C 1 -0.067719 -0.114069

14 0.120784 C.094483 2 -0.060754 -0.116260

15 0.357255 0.261738 1 -0.049415 -0.112545

EILU) 0.074'7775 4 ').034868 -0.104798

E(CP) -,.01488220 5 -C.017357 -0.C93508

E(Lb) 0.04337628 6 O.un3178 -0.078726
7 0.026•Z3 -0.C60251

16 2 1 -1.132243 -0.492005 8 1.199463 0.68015q

2 2.132243 0.492005 E(LU) 0.17653200

E(LU) 3.32404220 E(CP) #o.0687477U

EMLP) L.14801534 EELS) 0.10947376
EELRI! 0.49197684

16 9 1 -0.044303 -0.099396

16 3 1 -0.581757 -0.326035 2 -0.038218 -0.102138

2 -0.533457 -0.311694 3 -0.029094 -0.099811

3 2.115214 0.637730 4 -0.017697 -0.094037

E(LU) 1.4593C438 5 -0.004166 -0.085242

EtCPl 0.58582769 6 0.011570 -0.073467

EMLS) 0.32245028 7 0.029712 -0.058535
8 0.050576 -0.04C084

16 4 1 -0.347172 -0.242220 9 1.041619 0.652711

2 -C.321026 -0.235794 EMLUI 0.13966768

3 -0.27%186 -0.215984 EtCP) 0.04566615

4 !.942384 0.693998 EILB) 0.09501012

EILU) 0.7945332q
E(CP) 0.34828173

EMU) 0.23757701

o10



TABLE OF WEIGH(S KCOhTINUD)

N H I A£IN*tl) C(NSpIl) R " I AMN.M9II Cimptoll

16 10 1 -0.027135 -0.087496 16 14 1 0.008992 -0.055309
2 -0.02i550 -0.090585 2 0.014141 -0.058150
3 -0.013895 -0.089277 3 0.019370 -0.059563
4 -0.004646 -0.084992 4 0.024804 -0.050635
5 0.006132 -0.078105 5 0.030525 -0.056208
6 0.018515 -0.068653 6 0.036615 -0.052317
7 0.032675 -0.056482 7 0.04316# -0.0466818
8 0.049869 -,'.041268 8 0.050284 -0.039699
9 0.067459 -0.022503 9 0.051;124 -0.030467

10 0.893576 0.619360 10 0.066884 -0.018695
EILU) 0.11534960 11 0.076854 -0.003625
E(CP) 0.02881067 12 0.088469 0.015969
E(L8I 0.08332716 13 0.102433 0.042224

14 0.379341 0.421953
16 11 1 -0.014263 -0.0775q7 EILUl 0.07514429

2 -0.008950 -0.080895 ElCP) -0.00637294
3 -0.002286 -0.080349 EIL8I 0.05199709
4 0.005469 -0.077213
5 0.014303 -0.071820 16 15 1 0.013547 -0.049291
6 0.024297 -0.064207 2 0.018743 -C.052670
7 0.035593 -0.054237 3 0.023778 -0.053739
8 0.040404 -0.041625 4 0.02884 -0.053290
9 0.063020 -0.025917 5 0.034060 -0.051538

10 0.079847 -0.006432 6 0.039489 -0.048520
11 0.754566 0.580293 7 0.0452&8 -0.044164

EiLU) 0.09897866 8 0.051338 -0.038307
E(CPE 0.01622073 9 0.057965 -0.030618
EILS) 0.07364497 10 0.065253 -0.020850

11 0.073425 -0.cc015S
16 12 1 -0.004450 -0.06q172 12 0.082818 0.006503

2 0.000732 -0.072584 13 0.003994 0.031075
3 0.006721 -0.072615 16 0.10:995 0.065476
4 0.013424 -0.070383 15 3 0.04042 -0.348109

0 .020868 -0.066185 E7LU) 0.0718215 -
6 0.029134 -0.060057 E1CP0 -0.01076262
7 C.n38344 -0.051876 E1 07 1 0.006107878 0.048668 -0-041398

9 0.060342 -0.028216 16 16 1 0.017016 -0.043375
10 0.073692 -0.012016 2 0.022289 -0.046633
11 0.089173 0.009035 3 0.027208 -0.094419
12 0.623351 0.535161 4 0.032046 -0.025239

E(LU) 0.08784015 5 0.036912 -0.046675
E(CP) 0-00665801 6 0.001887 -000901 32
E(LB) 0.00653511 E 0.047042 -0.041053

8 0.052255 -0.03640216 13 1 0.003118 -0.061813 9 0.058216 -0.0302469
2 0.008256 -0.065297 10 0.064644 -0.0222303 0.013789 -0.065770 11 0.071304 -00011?72
4 0.019747 -0.064259 12 0.079051 0.002079
5 0.026189 -0.061031 13 0.088111 0.02104*
6 0.033196 -0.056120 14 0.099315 0.0486'tS
7 0.040872 -0.049427 15 0.114733 0.094419
8 0.0049357 -0.040731 16 0.147977 0.252333

9 0.C58836 -0.029675 EfLUI 0.06987019
10 0.069568 -0.015710 EIC) -0.0140901211 0.081920 0.002010 EMSB) 0.04052374
12 0.096438 0-024833
13 0.498713 0.483018 17 2 1 -1.164659 -0.492468

EtLU) 0.08u25299 2 2.164659 0.492486
E(CP) -0.00}069037 E(LUl 3.47015408
E(LB) 0.05831799 EfCPj 1.17949167

EILS 0.49243526

m !
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TABLE CF %EIGHTS (C0hTINUEC|

N M I AIN,NJ) C (IPI) I N I A(NvP,|I C({,PI

17 3 1 -0.6C3668 -Q.326486 17 9 1 -0.052096 -0.1C0271
2 -C.557497 -0.313014 2 -0.046565 -0.102825
3 2.161166 0.639500 3 -0.037862 -0.10C587

E(LU) 1.53642388 4 -0.026851 -0.095136
E(CP) 0.60729095 5 -0.013728 -0.086910
EILO) 0.32311812 6 0.001531 -0.075995

7 0.019069 -0.062288
17 4 1 -0.36!861 -0.242716 8 0.019129 -0.045535

2 -0.338922 -0.236662 9 1.117373 0.669546
3 -0.293934 -0.218114 E(LU) 0.14699387
4 1.996717 0.697492 EfCPI 0.05307401

E(LU) 0.84174810 EILO) 0.09612512
E(CPi 0.36462724
E(LB) 0.23835098 17 10 1 -0.034167 -0.088465

2 -0.029139 -0.091350
17 5 1 -0.236557 -0.192031 3 -0.021881 -0.090064

2 -0.221164 -0.169778 4 -0.012965 -0.08599g
3 -0.192661 -0.177793 5 -0.002507 -0.079521
4 -0.155037 -0.159206 6 0.009531 -0.C7C72Z
5 1.805419 Cz718809 7 0.02s273 -0.059520

EILU) 0.52028442 8 0.038922 -0.045671
flCP) 0.23663986 9 0.056761 -0.02e822
EILB) 0.18739415 10 0.972172 0.640135

E1LU) 0.12022174
17 6 1 -0.160149 -0.157965 E(CP) 0.03544569

2 -0.149601 -0.157871 ECLB) O.Oe451762
3 -0.130090 -0.149896
4 -0.104290 -0.136581 17 11 1 -0.020654 -0.078673
5 -0.072907 -0.118639 2 -0.015906 -0.081761
6 1.617037 0.720952 3 -0.009632 -0.081188

EILU) 0.34893506 4 -0.002186 -0.078180
EILP) 0.16024410 5 0.006378 -0.073083
HIL) 0.15333326 6 0.016104 -0.065964

7 0.027102 -0.056744
17 7 1 -0.110512 -,.133428 8 0.039540 -0.045224

2 -0.102606 -0.134640 9 0.053648 -0.031078
3 -0.088415 -0.129294 10 0.069744 -0.013827
4 -0.069771 -0.119517 11 0.835861 0.605723
5 -0.047139 -0.105901 E(LU) 0.10195092
6 -0.020560 -0.088568 E(CP) 0.02220540
7 1.439003 0.711349 ER8B) 0.07492279

E(LU) C.24902198
E(CP) 0.11085361 17 12 1 -0.010286 -0.C70375
EfLB) 0.12891783 2 -0.005683 -0.073577

3 -0.000086 -0.073546
17 8 1 -0.076441 -0.114859 4 0.006316 -0.071375

2 -0.070039 -0.116891 5 0.013511 -0.067372
3 -0.059173 -0.113357 6 0.021553 -0.061602
4 -0.045110 -0.106076 7 0.030535 -0.053996
5 -0.028154 -0.095554 8 0.)40597 -0,044377
6 -0.008307 -0.081890 9 0.051928 -0.032455
7 0.014595 -0.064968 10 0.064785 -0.017797
8 1.272,528 0.693595 11 0.079517 0.000228

E(LU) C.18708688 12 0.707314 0.566244
E•CP) 0.07709833 EILU) 0.08930564
EILB) 0.11052085 EICP# 0.012C82!6

EIL8) 0.06681858
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TABLE CF WEIGHTS (CONTINUEC)

N M I A(NtMtl) C(Nt ,I) I N | A(NM,I) C(No"9 )

17 13 1 -0.002231 -0.063202 17 16 1 0.012779 -0.045870

2 0.002318 -0.066454 2 0.017617 -0.049009

3 0.007448 -0.066839 3 0.022076 -C.C5C145

4 0.013101 -0.065335 4 0.026538 -0.049982

5 0.019298 -0.062220 5 0.031091 -0.048727

6 0.026098 -0.057556 6 0.035799 -0.046430

7 0.0W3584 -0.051282 ? 0.040724 -0.043057

8 0.041872 -0.043242 8 0.045932 -0.038508

9 0.051113 -0.033181 9 0.051504 -0.032609

10 0.061516 -0.020708 10 0.057542 -0.025090

11 0.073364 -0.005250 11 0.064186 -0.015545

12 0.087058 0.014056 12 0.071635 -0.003341

13 0.585461 0.521211 13 0.080193 0.012556

E(LUI 0.08049558 14 0.090373 0.033974

E(CP) 0.00423893 15 0.103110 0.064588

E(LB) 0.05983608 16 0.248699 0.337194

E(LU) 0.06738336

17 14 1 0.004088 -0.056878 E(CP) -0.01047916

2 0.008636 -0.060131 EILB) 0.04307100

3 0.013446 -0.060836

4 0.018560 -0.059871 17 17 1 0.015998 -0.040607

5 0.024028 -0.057487 2 0.020706 -0.043624

6 0.029909 -0.053742 3 C.025089 -0.044891

7 0.036278 -0.048586 4 0.029378 -0.045031

8 0.043231 -0.041881 5 0.033671 -0.044229

9 0.050892 -0.033402 6 0.038035 -0.042531

10 0.059426 -0.02271'9 7 0.042527 -0.039913

11 0.069060 -0.009s8 8 0.047204 -0.036289

12 0.080119 O.O07:.2 9 0.052i33 -0.031512

13 0.093083 0.028459 10 0.057392 -0.025352

14 0.469244 0.4,9601 11 0.063089 -0.017458

E(LU) 0.07436842 12 0.069375 -0.007282

E(CP) -0.00189289 13 0.076482 0.006082

E(LB) 0.05369960 14 0.084803 0.024262
15 0.095098 0.050618

17 15 1 0.009066 -0.G51176 16 0.109270 0.094076

2 0.013648 -0.054390 17 0.139752 0.243681

3 0.018244 -0.055341 EtLU) 0.06572241

4 0.022974 -0.054815 E(CP) -0.01337530

5 0.027908 -0.053042 E(LB) 0.03802109

6 C.033111 -0.05C075
7 0.038648 -0.045871 18 2 1 -1.195128 -0.492912

8 0.044600 -0.040314 2 2.195128 0.492912

9 0.051065 -0.033203 ECLU) 3.41129585

10 0.058176 -0.024Z31 E(CP) 1.20912723

11 0.066111 -0.012936 EIL8) 0.492867C3

12 0.075128 0.001394
13 0.085616 0.019905 18 3 1 -0.624252 -0.326884

14 0.098200 0.044587 2 -0.580008 -0.314183

15 0.357506 0.409507 3 2.204260 0.641066

UCLU) 0.07016498 E(LU) 1.61137253

EtCP) -0.00670775 E(CP) 0.62748837

EIMB: 0.04818440 E(L8) 0.32370865

18 4 1 -0.379529 -0.243153
2 -0.355679 -0.237429
3 -0.312382 -0.219992
4 2.047590 0.700574

EILU) 0.88805128
EICPI 0.38000703
E(LB) 0.23903395

-- i



TABLE OF %EIGHTS ICOKTINUEO5

N I I AIN,"tI) C(Nt10,I) h " I A(NMq|) CtNtIt)

18 5 1 -0.249266 -0.192523 18 10 1 -0.040776 -0.089291
2 -0.234618 -0.190376 2 -0.036223 -C.C91997
3 -0.207148 -0.179091 3 -0.029314 -0.090739
4 -0.170883 -0.161679 4 -0.020701 -0.086863
5 1.861914 0.723670 5 -0.010540 -0.080764

EILU) 0.55118001 6 0.001172 -0.072544
EtCP2 0.24907530 7 0.014523 -0.062157
EILB) 0.18814472 8 0.029671 -0.049445

9 0.046841 -0.03414?
16 6 1 -0.170868 -0.158518 10 1.045347 0.657947

2 -0.160910 -0.158405 EILUI 0.12567798
3 -0.142100 -0.150876 EICP) 0.04172006
4 -C.117175 -0.138383 E(L8) 0.08554362
5 -0.086906 -0.121647
6 1.677960 0.727829 18 11 1 -0.026669 -0.079582

EILUI C.37044855 2 -0.0226;02 -0.082484
EICP) 0.17068152 3 -0.016466 -0.081896
EILBA 0.15414076 4 -0.009294 -0.079012

5 -0.000979 -0.074183
18 7 1 -C.119793 -0.134044 6 0.008496 -0.067503

2 -0.112406 -0.135163 7 0.019212 -0.058930
3 -0.098738 -0.130098 8 0.031300 -0.048324
4 -0.080698 -0.120904 9 0.044947 -0.035451
5 -0.058807 -0.108133 10 0.060404 -0.019962
6 -0.033165 -0.092095 11 0.911459 0.627325
7 1.503605 0.720486 ECLUl 0.10556'33

EILUI (0.26434202 EICP) 0.02787638
EICPI 0.11963820 EILB) 0.07601539
EULA) 0.12977806

18 12 1 -0.015793 -0.071378
18 8 1 -0.084626 -0.115541 2 -0.011677 -0.074393

2 -0.076711 -0.117434 3 -0.006416 -0.074315
3 -0.06e272 -0.114068 4 -0.030278 -0.072211
4 -0.054656 -0.107202 5 0.006695 -0.068395
5 -0.038217 -0.097349 6 0.014529 -0.062952
6 -0.019006 -0.084645 7 0.023297 -0.055848
7 0.003084 -0.069031 8 0.033110 -0.046959
8 1.340405 0.705270 9 0.044122 -0.036073

EILUI 0.19807869 10 0.056540 -0.022877
EfCPI 0.08497296 11 0.070637 -0.006924
EiLB) 0.11143330 12 0.785235 0.592326

EILtj) 0.09145851
I8 9 1 -0.059414 -0.101022 EICP) 0.01723593

2 -0.054359 -0o103411 EILE) 0.06798859
3 -0.0)46030 -0.101260
3 -0.035375 -0.096099 18 13 1 -0.007289 -0.064317

5 -0.022631 -0.088374 2 -0.00323& -0.067387

& -0.007819 -0.078203 3 0.001550 -0.067701
7 0.009161 -00.-65532 4 0.006940 -0.066218
8 0.028495 -0.050186 5 0.012925 -0.063222
9 1.187973 0.6840W7 6 0.019540 -0.058792

EILU) 0.15482946 7 0.026851 -0.052898
EICP) 0.06006815 8 0.03495) -0.045430
EILS) 0.09709201 9 0.043969 -0.036200

10 0.054072 -0.024926
11 0.065486 -0.011201
12 0.070516 0.C05561
13 0.665728 0.552731

E(LU) 0.01446655
EICP) 0.00893995
EMLS) 0.06110111
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TABLE OF WEIGHTS (CONTINUED)

N N | AIN,MI) CIN,MI) N | I A(tN,[) Cod'", II

18 14 1 -0.000568 -0.058133 18 17 1 0.012444 -0.042819
2 0.003471 -0.061213 2 0.016611 -0.045800
3 0.007930 -0.061630 3 0.020593 -0.046965
4 0.012775 -0.060849 4 0.024555 -0.047006
5 0.018027 -0.058527 5 0.028573 -0.046121
6 0.023730 -0.054936 6 0.032702 -0.044362
7 0.029942 -0.050053 1 0.036990 -0.041722
3 0.036744 -0.043781 8 0.041487 -0.038137
9 0.044239 -0.035952 9 0.046252 -0.033494

10 0.052564 -0.026314 10 0.051355 -0.027618
11 0.061904 -0.014497 11 0.056889 -0.020248
12 0.072509 0.00.1034 12 0.062980 -0.010994
13 0.084730 0.0160I8 13 0.069810 0.000742
14 0.552004 0.507970 14 0.077655 0.015937

E(LU) 0.07436294 15 0.086979 0.036313
E(CP) 0.00240300 16 0.098636 0.065331
E(LBI 0.05508562 '7 0.235490 0.327023

EILU) 0.06346545
18 AS 1 0.004780 -0.052617 EtCPI -0.01018489

2 0.008843 -0.055674 EILBI 0.04033369
3 0.013074 -0.056526
4 0.017522 -0.055953 18 18 1 0.015092 -0.036165
5 0.022232 -0.054191 2 0.019328 -0.040965
6 0.027249 -0.051307 3 0.023258 -0.042221
7 0.032630 -0.041281 4 0.027089 -0.042497
8 0.038443 -0.042029 5 0.030909 -0.041963
9 0.044772 -0.035403 6 0.034173 -0.040676

10 0.051728 -0.027176 7 0.036128 -0.038627
11 0.059460 -0.017019 8 0.042820 -0.035765
12 C 068169 -0.004442 9 0.047095 -0.031992
13 0.078145 0.01%289 10 0.051612 -0.02716014 0.089813 0.031340 11 0.056443 -0.021041
15 0.443142 0.456986 12 00061685 -0.013300

EILU) 0.06933298 13 0.067477 -0.003410
ft(.P) -0.00278409 14 0.074032 0.009488
E(LB) 0.04973648 15 0.081713 0.026940

16 0.091221 0.052132
18 16 1 0.009048 -0.047594 17 0.104314 0.093529

2 0.013157 -0.050597 18 0.132411 0.235693
3 0.017235 -0.051629 E(LUI 0.06204005
4 0.121397 -0.051393 EICP) -0.01272745
5 0.0)25106 -0.050102 EM8) 0.03580789
6 0.030212 -0.047820
7 0,034966 -0.044532 19 2 1 -1.223869 -0.493292
8 0.040027 -0.040165 2 2.223669 0.493292
9 0.04,5465 -0.034587 E(LUI 3.74782267

10 0.051368 -0.027599 EMCP) 1.23712437
11 0.057655 -0.018906 E(MB) 0.49325215
12 0.065087 -0.008069
13 0.073294 0.005581 19 3 1 -0.64365v -0.327238
14 0.082827 0.023119 2 -0.601169 -0.315224
15 0.094248 0.046408 3 2.244827 0.642462
16 0.338109 0.397887 EiLU) 1.68432765

ERLUI 0.06582537 EICPI 0.64655945
E(CPI -0.00691185 EMLS) 0.32423438

E(LB) 0.04487895
19 4 1 -0.394294 -0.243540

2 -0.371431 -0.238113
3 -0.329685 -0.221662
4 2.095409 0.703334

EfLUI 0.93343886

EICP) 0.39452713
E(LOI 0.239"4110
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TAULE OF hEIGHTS (CONTINuECI

N I AIN,0,I1 CINP'tI) h PO I £INp ,I1

19 5 1 -0.261237 -0.192958 19 10 1 -0.047007 -0.09C0042 -0.267259 -0.190909 2 -0.042865 -0.C925513 -0.220139 -0.180245 3 -0.036265 -0.0913244 -C.185724 -0.163869 4 -0.02?929 -0.087629S 1.9149S9 0.727980 5 -0.rL8O45 -0.0-P1863EILU) 0.58171310 
6 -0.006641 -0.074147E(CP) 0.26081700 7 0.006343 -0.064468

EMS) 0.18861359 a 0.021029 -0.052718
9 0.037595 -0.03e70319 6 1 -0.180964 -0.1g9004 10 1.1?786 0.6734072 -0.171530 -0.15887? E(LU) 0.131596843 -0.153365 -0.151748 EICP) 0.047667074 -0.129250 -0.139981 E(L8) 0.Ce6438195 -0.100C03 -0.124297

6 1,735111 0.733908 19 11 1 -0.032345 -0.08C360I.39192137 
2 -0.028492 -0.083047F(CP) 0.18053993 3 -0.022852 -0.082502

E(LB) 0.15435543 4 -0.015928 -0.079736
5 -0.007843 -0.07515219 ? 1 -C.128533 -0.134583 6 0.001395 -0.06e8612 -0.121602 -0.135622 7 0.011842 -0.06C8513 -0.108414 -0.130311 8 0.023603 -0.0510254 -0.090935 -0.122136 9 0.036827 -0.03q2095 -C.069730 -0.110491 10 0.051716 -0.0251476 -0.044949 -0.095585 11 0.982076 0.6ft59407 1.564162 0.728535 EILU) 0.10969251E(LU) 0.27982455 EICP) 0.03326000E(CP) 0.12832890 EILB) 0.07696200

E(LB) 0.13053726

19 12 1 -0.020995 -0.07223019 8 1 -0.092336 -0.116135 2 -0.017298 -0.0750782 -0.086846 -0.117908 3 -0.012331 -C.0749653 -C,076795 -0.114696 4 -0.006425 -0.0729294 -0.063593 -0.108201 5 0.000344 -0.0692E85 -0.047637 -0.098937 6 0.007984 -0.0641416 -0.029016 -0.087065 7 0.016548 -0.0574807 -0.007670 -0.072570 8 0.026124 -0.0492188 1.403893 0.715513 9 0.036839 -0.039200E(LU) 0-20936888 10 0.048859 -0.027194
0.09242024 11 0.062404 -0.012872EIL8) 0.11223593 12 0.857947 0.614595EELUi 

0.09416748
19 9 1 -0.066309 -0.101674 E(CP) 0.02213853

2 -0.061667 -0.103918 E(ILP) 0.068995323 -0-053675 -0.101850
4 -0.043347 -0.096952 19 13 1 -0.012077 -0.0652535 -0.030960 -0.089671 i -0.008453 -0.0681586 -0.016565 -0.080147 -0.003960 -0.0684167 -0.000103 -0.068365 4 0.001201 -0.0669628 0.018570 -0.054204 5 0.006996 -0.0640849 1.254056 0.696782 6 0.013442 -0.0VS872E(LU) 0.16305851 

7 0.i20588 -0.0543•(
E C.P) .208 -0041
EILP) 0.06668914 8 0.J28511 -0.f,7351

0.09793914 9 0.337316 -0.038827
10 0.047141 -0.028538
11 0.058169 -0.016185
12 '.070640 -C-C01353
13 .740487 0.5793)8

E(LU) 0.08302831
E(CP) 0.01342381
E L1) 0.06217738
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!AOLE OF WEIGHTS (CONTINUEO0

N M I AiNMt, I) C(hopo|) N M I A(ftlMgJ) C(NNII

19 1' 1 -0.004989 -0.059169 19 17 1 0,008968 -0.0444642 -0.001384 -0.062091 2 D.012677 -0.0472703 0.002773 -0.062636 3 G.016326 -0.0483444 0.007387 -0.061652 4 0.020023 -0.0483195 0.012453 -0.059399 5 0.023825 -C.0473906 0.017997 -0.055961 6 0.027772 -0.045626
7 0.024066 -0.051334 7 0.031406 -0.0430288 0.030726 -0.045450 8 0.036272 -0.0395529 0.038064 -0.038185 9 0.040920 -0.035112

10 0.046194 -0.029351 10 0.045913 -0.C2957311 0.055267 -0.018676 11 0.051331 -0.02274012 0.065482 -0.005781 12 0.057280 -0.01433013 0.077109 0.009882 13 0.063906 -0.00392814 0.628854 0.539802 14 0.071419 0.009098E(LU) C.07498023 15 0.080136 0.025759E(CP) 0.00651543 16 0.090563 0.047806E(LBI 0.05624730 17 0.320763 0.387016
E(LU) 0.0620067919 15 1 0.000692 -0.053779 E(Cr) -0.00702291

2 0.004313 -0.056686 EUL8) 0.04198714
3 0.008234 -0.057456
4 0.012444 -0.056855 19 18 1 0.011941 -0.040244
5 0.016963 -0.055121 2 0.015709 -0.0429666 0.021823 -0.052332 3 0.019289 -0.0441367 0.027068 -0.048486 4 0.022835 -0.0443278 0.032757 -0.043523 5 0.026412 -0.0437169 0.038961 -0.037334 6 0.030068 -0.04236610 0.045774 -0.029749 7 0.033841 -0.040281

11 0.053320 -0.020523 8 0.0377'2 -0.03742312 0.061762 -0.009310 9 0.041903 -0.03371613 0.071323 0.004394 10 0.046286 -0.02904414 0.082316 0.021334 11 0.050964 -0.02323215 0.522250 0.495426 12 0.056083 -0.016030E(LUo 0.06915784 13 0.061695 -0.007067E(MP) 0.00099208 14 0.067989 0.004227E(LB) 0.05100764 15 0.075216 0.018774
16 0.083802 0.03820519 16 1 ).005271 -0.043924 17 0.094526 0.0657682 0.008929 -0.051792 18 0.223648 0.3175543 0.012687 -0.052735 FiLUI 0.05998848

4 0.016601 -0.052449 E(CP) -0.00988868
5 C.02C708 -0.051151 EIL8) 0.03791809
6 C.025048 -0.048913
7 0.029663 -0.045735
8 0.034603 -0.041566
9 0.039929 -0.036308

10 C.045717 -0.029809
11 0.052068 -O.021R0O
12 0.059114 -0.012118
13 0.067036 -0.0C0151
14 C.076094 0.014738

15 0.086669 0.03364216 0.419861 0.445111•

E(LU) 0.06496979E(CPl -0.00344791

E(LB) 0.04630055
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TABLE OF MEIGHTS (CONT!NUEO)

N N I AM9N4,t CINN.I) N " I £tNrN,13 CIU.NI)

19 19 1 0.014282 -0.035995 20 7 1 -0.136790 -0.135060
2 0.918115 -0.038600 2 -0.130264 -0.136029
3 0.021661 -0.039833 3 -0.117518 -0.131448
4 0.025107 -0.040204 4 -0.100561 -0.12323o
5 0.028531 -0.039873 5 -0.079995 -0.111990
6 0.031980 -0.038897 a -0.056007 -0.097918
7 0.4131494 -0.037282 7 1.621135 0.735681
8 C.039109 -0.034997 EILUt 0.29539488
9 0.042861 -0.031977 EICPI 0.13637533

10 0.046794 -0.028121 EILS) 0.13121241
11 0.050958 -0.023280
12 0.055419 -2.017234 20 6 1 -0.099621 -0.116659
13 0.060267 -0.009660 2 -0.094504 -0.118326
14 0.065629 -0.000055 3 -0.084808 -0.115255
15 0.071704 w.012400 4 -0.071993 -0.109093
16 0.078826 0.0W9177 5 -0.056488 -0.100352
17 0.087648 0.053305 6 -0.038416 -0.089210
18 0.099799 0.091832 1 -0.017755 -0.075681
19 0.125817 0.228292 8 1.463535 0.724575

EILUI 0.05874866 EILU) 9.22087332
EICPJ -0.01213794 EICP) 0.09940206
EMLS) 0.03383684 EILf) 0.11294771

20 2 1 -1.251068 -0.49363( 20 9 1 -0.072826 -0.102246
2 2.25i068 0.493634 2 -0.066544 -0.104362

EMLUS 3.88005370 3 -0.060858 -0.102373
EICPs 1.26365389 4 -0.050834 -0.097711
EIL8) 0.49359762 5 -0.038781 -0.090828

& -0.024779 -0.08187'
20 3 1 -0.662014 -0.327555 7 -0.008798 -0.070863

2 -0.621129 -0.316157 6 0.0092?0 -0.057714
3 2.283144 0.643713 9 1.316151 0.707969

EILU) 1.75538518 EILUI 0.17159045
ElCP) 0.66462201 EICP) 0.07297238
EtLS) 0.32470597 EMLS) 0.09S68793

20 4 1 -0.40j252 -0.243885 ZO 10 1 -0.052900 -0.090626
2 -0.346289 -0.238126 2 -0.049115 -0.093031
3 -0.345972 -0.223154 3 -0.042792 -0.091837
4 2.140513 0.705766 4 -0.034710 -0.088309

EILU) 0.97791855 5 -0.025087 -0.082842
EICP) 0.40827717 6 -0.013973 -0.075573
EILB) 0.24018443 7 -0.001335 -0.066511

8 0.012921 -0.055584
20 5 1 -0.272551 -0.193344 9 0.028939 -0.042651

2 -0.259179 -0.191385 10 1.178052 0.686964
3 -0.233536 -0.161276 EILUS 0.13788300
4 -0.199675 -0.165621 EICP) 0.05331635
5 1.964941 0.731828 EML8) 0.08722579

EfLU) 0.61184794
EMICP 0.27193675 20 11 1 -0.037716 -0.081036
EIIR) 0.16940543 2 -0.03A222 -0.083625

3 -0.028845 -0.083028
20 6 1 -0. 190502 -0.159435 4 -0.022146 -0.080373

2 -0.181539 -0.159295 5 -0.014276 -0.076014
3 -0.163969 -0.152528 6 -0.005262 -0.07C070
4 -0.140605 -0.141406 7 0.004930 -0.062554
S -0.112303 -0.126651 8 0.016382 -0.053398
6 1.768917 0.739321 9 0.029216 -0.042476

EtLU) 0.41329354 10 0.043593 -0.029594
EICPS 0.18987652 11 1.048347 0.662168
EgLS) 0.15549251 E-.Ul 0.11423656

EICPS 0.03e8S303

EILS) 0.07779186
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A
TABLE OF hEIGHTS (CONTINUED)

N H I A(NI',I) CINHI) N N | AiN.Nt'•I CWN.N.I)

20 12 1 -0.025922 -0.072964 20 15 1 -0.003203 -0.054744
2 -0.022589 -0.075662 2 0.000035 -0.057513
3 -0.017879 -0.075522 3 0.003690 -0.050213
4 -0.012183 -0.073554 4 0.007695 -0.057516
5 -0.005600 -0.070076 5 0.002048 -0.055899
6 0.001858 -0.065197 6 0.016769 -0.053209
7 0.010227 -0.058928 7 0.021892 -0.049537
8 0.019578 -0.05121i 8 0.027467 -0.044842
9 0.030012 -0.041931 9 0.0335S2 -0.039043

10 0.041668 -0.030912 10 0.040230 -0.03201G
11 0.054724 -0.017911 11 0.047602 -0.023560
12 0.926107 0.633868 12 0.055404 -0.013436EILU) 0.09732994 13 0.065012 -0.001280

EIMP) 0.02680890 14 0.075467 0.013416EILS) 0.06987174 13 0.595940 0.527466
EMLUI 0.06951916

20 13 1 -0.016619 -0.066052 EICPJ 0.00461910
2 -0.013364 -0.068809 EMLS) 0.05207861
3 -0.009129 -0.069021
4 -0.004170 -0.067601 20 16 1 0.001656 -0.050002
5 0.001453 -0.064835 2 0.004926 -0005274Z
6 0.007742 -0.060825 3 0.008410 -0.0536087 0.01473Z -0.055581 4 0.012111 -0.05328?8 0.022485 -0.049051 5 0.016048 -0.051997
9 0.031087 -0.041132 6 0.020247 -0.049816

10 0.040654 -0.031666 7 0.024742 -0.046757
11 0.051333 -0.020429 8 0.029575 -0.042765
12 0.063321 -00007116 9 0.034801 -0.037825
13 0.810474 0.602120 10 0.040482 -0.031763EMLU) 0.08507430 11 0.046707 -0.024432EIC.) 0.01770390 12 0.053585 -0.015601EMLS) 0.06310?12 13 0.061262 -0e004939

14 0.069938 0.00802320 14 1 -0.009191 -0.060043 15 0.079893 0.023984
2 -0.005961 -0.G62821 16 0.4956k6 0.463548
3 -0.002065 -0.063307 E(LU) 0.06467867
4 0.002348 -0.062329 ElCPs -0.00010333
5 0.007248 -0.060148 EILS) 000474711r
6 0.012649 -0w056856? 0.018585 -0.052465 20 17 1 .0000617 -0.00569S
8 0.025109 -0.046929 2 0.006931 -0.046365
9 0.032297 -0.040154 3 0.012297 -0.049380

10 0.040241 -0.031999 4 0.015?73 -0.04930411 0.049069 -0.022261 S 0.019394 -0.04835?
12 0.058941 -0.010659 • 0.023192 -0.046613
13 0.070069 0.003196 7 0.027201 -004408314 0.700660 0.566775 6 0.031459 -0.040736EILUI 0.07610847 9 0.036010 -0.036510

EICPl 0.01045130 10 0.040910 -0.031298
EfLBS 0.05724068 11 0.046228 -0.024954

12 0.052055 -0.017265
13 0.053509 -0.007934
3' 0.065756 0.003474
15 0e074029 0.017606
16 0.083671 0.0354i6
17 0.390966 0.433947

ECLUJ 0.06114864
EICP) -0.00394307
EILB 0.04329477

amU9



TABLE OF hEIGHTS CCONTINUECN

N 4 £(Nt.P,I) C(NotI) N IX I A(NtFMI) C(NoVPo

20 18 1 C.008847 -0.041706 20 20 1 0.013553 -0-0340552 0.012215 -C.0t4331 2 0.017039 -C.0364843 0.015502 -G.045422 3 0.020257 -0-0376864 0.018813 -0.045550 4 0.023376 -0-0381235 0.022191 -0.044896 5 0.026464 -0.0379456 0.02!690 -0.043529 6 0.029565 -0.0372111 0.029324 -0.041460 7 0.032711 -0.035932
a C.033133 -0.038666 8 0.035932 -0.034C919 0.037162 -0.035086 9 0.039258 -0.03164610 0.0#1450 -0.030632 10 0.042720 -0.028527

11 0.046055 -0.025168 11 0.046357 -0.02463212 0.051050 -0.018506 12 0.050215 -0.01981-13 0.056532 -0.010374 13 0.054351. -0.01386014 0.062634 -0.000381 14 0.058856 -0.00646015 0.069547 0.012071 15 0.063842 0.00286!16 0.077558 0.027938 16 0.069496 0.01490217 0.087131 0.048871 17 0.076128 0.03105?18 0.315157 0.376826 18 0.084346 0.054203EiLUP 0.C %.1867 19 0.095669 0-092028E(CP) -0.00706723 20 0.119862 0.221415EILS) 0.03943688 EILU) 0.05578958
EM!CP -0.0115994720 19 1 0.011469 -0.037q05 EILS) 0.03207039

2 0.014895 -0.040446
3 0.018135 -0.041607 21 2 1 -1.276880 -0.493942
4 0.021329 -0.041903 2 2.276880 0.4939425 0.024538 -0-041503 E(LUJ 4.00827646
6 C.027802 -0.040467 E(CPI 1.28886132
7 0.031153 -0.038810 E(LB) 0.49390979
8 0.034624 -0.036509
9 0.038247 -0.033514 21 3 1 -0.679427 -0.32784110 0.042061 -0.029746 2 -0.490016 -0.31699911 0.046112 -0.025085 3 2.319443 0.644841

12 0.050458 -0.019364 l(LU) 1.82463798
13 0.055176 -tk.012340 EMCP) 0.6817763514 0.060372 -0.Oc;&o EIL8) 0.32513088
15 0.066198 0.007217
16 0.772887 0.021167 21 4 1 -0.421487 -0.24419617 0.080830 0.039737 2 -0.400349 -0.23927918 0.090746 0.066024 3 -0.361352 -0.22449819 0.212971 0.308714 4 2.183188 0.707973EILU) 0.05687410 EILU) 1.02150585EICPI -0.00959610 EICPI 0.42133361EMLSI 0.03577112 EIL8) 0.24067351

21 5 1 -0.283275 -0.193691
2 -0.270454 -0.191814
3 -0.245624 -0.182209
4 -0.212831 -0.167572
5 2.012185 0.735285

EILUI 0.64156176EICP) 0.28249590
ELLS) 0.18993997

21 6 1 -0.199541 -0.159820
? -0.191002 -0.159675
3 -0.173984 -0.153231
4 -0.151319 -0.142690
5 -0.123892 -0.128756
6 1.839738 0.744172

EILU) 0.43452074
EtCP) 0.19874801
EILM) 0.15606403
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TABLE OF WEIGHTS (CONTInUED)

N D £ A(NiMel) CINtpi.! N P I A(NtMttf C(NHol)21 7 1 -0.144615 -0.135485 21 12 1 -0.030601 -0.0736042 -0.138450 -0.136392 2 -0.027586 -0.076167
3 -0-126112 -0-132021 3 -0-023103 -0.0760064 -0.109643 -0.124225 4 -0.017596 -0.0761065 -0.089672 -0.113595 5 -0.011187 -0.0707776 -0.066419 -0.100351 6 -0.003901 -0.0661427 1.674911 0.742070 7 0.004282 -0.060223

E(LU) 0.31099565 
8-005293

E(CPI 0.14402019 8 0-013418 -0-052983ELB) 09 
0.023589 -0.0443370.13181685 10 0.034909 -0.03415321 8 1 -0.106524 -0.117124 11 0.047525 -0.0222432 2 -01010639 -0.11866 12 0.990248 0.650734

S-0.101739 -0.118696 E(LU) 0.100864323 -0.092368 -0.115755 E(CP)& -0.079914 -0.109895 E(Lb) 0.03126495
5 -0.064832 -0.101621 0.070643046 -0.04727.4 -0.091123 21 13 1 -0.020936 -0.06t?447 -0.027245 -0.0794'39 2 -0018002 -0.0693678 1.519896 0.73.652 3 -0.013994 -0.069561E{LUl 0.23252621 

3 -0.013994 -0.069541
E(P)0.069434 

-ID-009216 -0-068156E(CP) 0510619.73 
5 -0.003750 -0.065499ECLOI 

0.11358345 6 0.002392 -0.0616757 0.009234 
-0.056708

21 9 1 -0.079003 -0.102752 8 0.016823 -0.05C566
2 -0.075039 -0.104752 8 0-01623 -005C5663 -0.067630 -0.102836 9 0.025231 -0.0431724 -.0589 -00939310 0.034555 -0.034404
5 -0.057890 -0.098393 11 0.044917 -0.024094S -C.46151~ -0.091865 12 0.056476 -0.0120096 -0.032519 -C.083417 13 0.876270 0.6219347 -0.0169t7 -0.073081 E(LU) 0.087520288 0.000523 -0.060807 E(CP) 0021793999 1.374696 0.717905 E(LB) 0 021 399 oE(LU) 0.18035373 0.06392100EICP) 0.07894880 21 14 1 -0.013190 -0.060794E{Loi 

0.09935486 2 -0.010287 -0.063440
3 -0.006618 -0.063875

21 10 1 -0.058485 30.091174 4 -0.002385 -0.0629092 -0.055015 0.093253 . 0.002367 -0-0608C03 -0.048942 -0.092291 6 0.007636 -0-0576475 -0-031718 -0.088936 7 0.013446 -0-0534735 -0-031718 -0.083721 8 0-019842 -0.0482476 -0.020880 -0.076839 9 0.026883 -0-0419037 -00;36067 -0-068330 10 0.034651 -0-0343308 0.0052;0 -0.058118 11 0.043251 -0-0253739 0.020804 -A-046107 12 0.052814 -0.01482210 1.238610 0.69895812 0584 -0182EILuI 0.14446082 
13 0.063513 "05000238E1CP) 60- 0869895 14 0.768077 0.590002

E(L8) 0.05869415 E(LU) 0.077660210-08792500 EICP) C001421994E(LB)001299

21 11 1 -0.042812 -0.081628 0-0510297
2 -0.039631 -0.0840P4
3 -0.034490 -O-0834ej9
4 -0-027998 .080939
5 -0-020328 -0.076784
6 -¢C011527 -0.071153
7 -0-001577 -0.064073
8 0.009585 -0-055502
9 0.022055 -0.045346

10 0.035968 -0.033457
11 1.110755 0.676455EILU) 0-11911746EICP) 0.04325992

E(LBi 0.07852549

E(LBU
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TABLE OF WEIGHTS (CONTINUEC)

N N I A(NqM,I) C(N,N,I) h N I A(NN1Il C(NoNI)

21 15 1 -C.006919 -0.055563 21 18 1 0.005853 -0.042848
2 -0.004012 -0.058205 2 0.000874 -0.045374
3 -0.000589 -0.056845 3 0.011911 -0.046394
4 0.003237 -0.058219 4 0.015024 -0.046474
5 0.007443 -0.056566 5 0.018245 -0.045796
6 0.012039 -0.053974 6 0.02;b0O -0.044433
7 0.0176ý- -0.050466 7 0.0251i, -0.042403
8 0.02.'5tz, -0.046017 8 0.028836 -0.- 9694
9 G.O; 1•7 -0.040565 9 0.032780 -0.036255

10 0.03!.;35 -0.034010 10 0.036985 -0,032027
11 0.04:242 -0.026215 11 0.041512 -0.026894
1 0.05C225 -0.016982 12 0.046418 -0.020718
13 0.059124 -0.006049 13 0.051789 -0.013292
14 0.069130 0.006947 14 0.057729 -0.C04339
15 0.664991 0.554729 15 0.064392 0.006557

E(LU) 0:07032505 16 0.071987 0,020003
EICP) 0.00810102 17 0.080826 0.036967
E(MB) 0.05299863 18 0.380111 0.423414

EILUI 0.0577714,3
21 16 1 -0.001802 -0.050903 -:CP) -0.00431152

2 0.001131 -0.053522 E(L) 0.04064434
3 0.004378 -0.054323
4 0.007896 -0.053977 21 19 1 0.008698 -0.039258
5 0.011684 -0.052704 2 0.0117?2 -0.041717
6 0.015759 -0.050587 3 0.C14753 -0.042808
7 0.020147 -0.047646 4 0.017739 -0.043048
8 0.024883 -0.043862 5 0.020774 -0,042605
9 0.030017 -0.039172 6 0.021891 -0.041546

10 C.035594 -0.033501 7 0.027116 -0.039889
11 0.041700 -0.026708 8 0.010418 -0.037622
12 0.048420 -0.018625 9 0.034006 -0.034708
13 0,055879 -0.009004 10 0.037735 -0.031080
14 0.064233 0.002489 11 0.041707 -0.02664e
15 0.073697 0.016331 12 0.045971 -0.021282
16 0.566382 0.515715 13 0.050597 -0.014797

E(LUR 0.o6485329 14 0.055671 -0.006936
E(CP) 0.00311876 15 0,.061314 0.002673
EULB) 0.04846207 16 0.067704 0.014599

17 0.075101 0.029744
21 1 1 C.002397 -0.046698 18 0.083931 0.049671

2 0.005370 -0.049278 19 0.291040 0.367257
3 0.008493 -0.050203 E(LU) C.05559063
4 0.011778 -0.050089 E(CP) -0.00706342
5 0.015245 -0.049137 EIL8) 0.03717178
6 0.018916 -0.047426
7 C.022818 -0.044972
8 0.026981 -0.041760
9 0.031445 -0.037741

10 0.036263 -0.032831
11 0.041487 -0.026922

12 0.047201 -0.019846
13 0.053501 -0.011386
14 0.060520 -0.001230
15 0.068439 0.011065
16 0.077509 0.026154
17 0.471636 0.472299

E(LU) 0.06077952
EICP) -0.00096075
E(LB) 0.04437683
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TABLE OF kEIGHTS (CONTIJUEol

N N I AIN.C(NtJ 
N N I A(NMojN

21 20 1 0.011028 -0.035816 22 4 1 -0.434070 -0.244476 f2 0.014157 -0.038193 
2 -C.413490 -0.2397003 0.017105 -0.039333 
3 -0.375918 -0.2257134 0.020000 -04039706 
4 2.223678 -%7099695 0.022898 -0.039466 E(LUJ 1-064221256 0*025833 -0.038676 E(CP) 0.433762127 0.028833 -0-037352 EILBO 0.2337621 98 0.031923 -0.035486 0*241116099 0.035833 -0.033042 22 5 1 -0.293467 -0.194003

0.038489 -0-029966 2 -0.281150 -0.192202
12 0.045787 -0-021555 3 -0.257076 -0-18305113 0.049824 -0*0215938 4 -0.225276 -0.16915213 0.0542982 50053 2.056969 0#738407

0.054209 -0.009097 EILU) 0.6708410815 0-059038 -0.000691 EICF) 0.29z5472416 0.064453 0.009794 EILBI 0.19047 2 3
17 0.070670 0-023194 0-19042304
18 0.078048 0.040976 22 6 1 -0.208130 -0.16016619 0.087254 0.066087 2 -0.199975 -0.160015
20 0.203293 0.300441 3 -0.183470 -015ERLUI 0-05407008 -0-153864

EI(CP) 0. 007 00 
4 -0.161458 -0-143648E(RB) -0009060 -0.134045 -0130690.03385072 
6 1.887878 0.748545

EILU) 0.45557038
2i 21 1 0-012894 -0-032310 

EMCP)2 0.016080 -0.034581 E0LB| 020719220
3 0.019o05 -0-035746 0-156579694 0-021851 -0-036228 22 7 1 -0.152049 -0°1358665 0.024653 -0.036168 

2 -0.146209 -0.1367186 0.027458 -0.035622 
3 -0-134250 -0.1325397 0.030295 -0.034606 
4 -0.118236 -0.1251198 0.033166 -0503314 
5 -0.098823 -0.1150419 0.03615, -0.031116 
6 -0.076253 -0.10253310 0.039235 -0.028564 
7 1.725811 0.74781511 G.042446 -0.025388 EtLUI 0.3265825812 0.045824 -0.021484 

EMCP013 0.049414 -0.016709 EMLB) 0.1513006714 0.053270 -0.010860 0*1323612315 0-057470 -0.003637 22 8 1 -0.113082 -0.11753•16 0-062124 0-005419 2 -0.108593 -0.11902617 0-067404 0.017060 3 -0.099523 -0.11620618 0.073603 0.032626 3 -0.097407 -0.110619 0.081287 0.054876 5 -0.087407 -0.11061920 0.091876 0.091146 6 -0.055675 -0-09287021 0-114456 0.215004 6 -0-*55645 -0.0920tL 0-05311439 1 -0.016204 -0.080900
E ) -0.0531110589 

8 1-5,3176 0-739897EICP) -0.01110585 EiLU) 0,2247569EILS) 
0.030,7836 E(CP) 

0.11258985
22 2 1 -1.301440 -0.494222 Eel 

0.114151-832 2.301440 0.494222 22 9 1 -0.084872 -0.103202
EILU) 4.13275081 

2 -0.0-0100E(CP) 1-31287156 
- -0.074136 -0-10510000-041923? -0-103253

EEL8) 
0*49419277 

4 -0-064160 -0.099008
22 3 1 -0.695987 -0-328100 5 -0.053L19 -0.092802

2 -0.657n36 -0.317?63 7 -0.039235 -0.087805
3 2-35?t23 0-645863 7 -0.024723 "0-075066E(LU) 1-89217469 8 -0-007729 -0.063556

EICPl 0.69810867 
9 1-43C,063 0.726792

E( LB) E(LUI .1 ta9 30.32551588 E(C 
0-08464553929

E (LIJ) 
0-09995287
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N M I A(NMtI! CIN,?,'Il N A kN*MAll C(NN,,

22 10 1 -0.063?97 -0.091660 22 14 1 -0.017003 -0.061447

2 -a.060601 -0.093825 2 -0.014385 -0.063972
3 -0.054757 -0.092695 3 -0.010918 -0.064365

4 -0.047129 -0.089463 4 -0.006845 -0.063413
5 -0.037983 -0.0b4513 5 -0.002229 -0.061375

6 -0.027405 -0.077998 6 0.002917 -0.058353
7 -0.015399 -0.069960 7 0.008610 -0o.0546
a -0.001917 -0.060373 6 0.014879 -0.049432

9 0.013133 -0.049161 9 0.021782 -0.043466

10 1.295854 0.709648 10 0.029381 -0.036397

EILU$ 0.15126968 11 0.037767 -0.028103

EtCP) 0.06382371 12 0.047049 -0.018422

EML) 0.08855022 13 0.057369 -0.C07137
14 0.831624 0.610259

22 11 1 -0.047658 -0.082152 EILU) 0.07956563
2 -0.044752 -0.084487 E(CP) 0.01783144

3 -0.039824 -0.083848 EMIB) 0.05886035

4 -0.033522 -0.081446
5 -0.026041 -0.077478 22 ', 1 -0.010467 -0.056269

6 -0.017442 -0.072129 2 -0.007849 -0.058795

7 -0.007722 -0.065437 3 -0.004630 -0.059383

e 0.003165 -0.057379 4 -0.006964 -0.058755
9 0.015297 -0.047887 5 0.003111 -0.057145

10 0.028784 -0.036846 6 0.007593 -0.054649

11 1.169717 0.689139 7 0.012499 -0.051296

E(LUI 0.12427189 8 0.017862 -0.047069

EtCP) 0.04791797 9 0.023724 -0.041928

E(LB) 0.07917935 10 0.030145 -0.035792
11 0.037196 -0.028555

22 12 : -0.035052 -0.074167 12 0.044975 -0.020066

2 -0.032313 -0.076608 13 0.053597 -0.01C126

3 -0,028036 -0.C76431 14 0.063218 0.001536

4 -0.022704 -0.074593 15 0.729991 0.578292
5 -0.016456 -0.071406 EILU) 0.07150301
6 -0.009333 -0.066992 ECCP) 0.01144432
7 -0.0U01327 -0.061386 E1LeL 0.0538C054

8 0.007603 -0.054564
9 0.017525 -0.04(,-75 22 16 1 -0.005110 -0.051672

1) 0.028533 -0.037005 2 -0.002471 -0.054179
11 0.040749 -C.026013 3 0.000569 -0.054921

12 1.050810 0.665643 4 0.003924 -0.054559

ELLIS) 0.10470500 5 0.007582 -0.053308

E(CPI 0.03552320 6 0.011543 -0.051259

EILB) 0.07132781 7 0.015838 -0.048429
8 0.020484 -0.044819

22 13 1 -0.025047 -0.067350 9 0.025520 -0.040385
2 -0.02Z395 -0.069850 10 0.031004 -0.035054

3 -0.018580 -0.069993 11 0.036998 -0.028725
4 -0.013974 -0C068645 12 0.043567 -6.021274

5 --0.008653 -0.065089 13 0.050828 -0.012503

6 -0.302649 -0.062438 14 0.058901 -0.002170

7 0.004050 --0.05.'V'2 15 0.067958 0,.1C067
8 0.011483 -0.051924 16 0.632864 0.5%3198
9 0.019706 -0.044q39 EILIA 0.06541674

10 0.028801 -0.036822 E(CP) 0.00622046

11 0.038870 -0.027293 EILB) 0.01.931689

12 0.050045 -0.016224
13 0.938350 0.639340

EILU) 0.09029856
EICP) 0.02570744
E(LR) 0.06463988
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It

TABLE OF WEIGHTS (CONTINUEO)

N M I AfNMtI) C(NRPIl) N " I A(NMt!) C(NNt")

22 17 1 -0-000692 -0.047541 2 19 1 0.006009 -0.0403222 0.001982 -0.050C15 2 0.008777 -0.042695
3 0.004893 -0.050971 3 0.011534 -0.0437234 0.008014 -0.050736 4 0.014342 -0.043917
5 C.011345 -0.049789 5 0.017230 -0.0434476 0.01490 -0.048115 6 0.020225 -0.0423807 0.018711 -0.045743 7 0.02334) -0.040750
8 0.022792 -0.042661 8 0.026624 -0.038526
9 0.027167 -0.038846 9 0.030059 -0.03572410 0.031923 -0.034195 10 0.033736 -0.03223211 0.037042 -0.028684 11 0.037624 -0.028048

12 0.042658 -0.022124 12 0.041834 -0.023C01
13 0.048810 -0.014389 13 0.046370 -0.01700614 0 ',5631 -0.005227 14 0.051344 -0-009532
15 0-1 ý253 0.005660 15 0.056833 -0.001233
16 0.071871 0.018749 16 0.062987 0.CC919317 0.539692 0.504527 17 0.069992 0.022017(LU) 0.06081663 18 0.078134 0.038155E(CPI 0.00192009 19 0.363007 0.413471

EMLBI 0.04529672 EMLU) 0.C5476281
E(CP) -0.0045836722 18 1 0.002969 -0.043785 ELB) 0.03829068

2 0.c05687 -0.046214
3 0.008507 -0.047171 22 20 1 0.008533 -0.0370734 0.011449 -0.047212 2 0.011352 -0.03937q5 0.014531 -0.04652! 3 0.014069 -0.0404596 0.017772 -0.045171 4 0.016778 -0.040780
7 0.021193 -0.043196 5 0.019519 -0.040500
8 0.024827 -0.040573 6 0.022321 -0.039681
9 '28687 -0.037286 7 0.025204 -0.03835110 3?827 -0.033268 8 0.028200 -0.036496Ii 0.037279 -0.028441 9 0.031317 -0.03410412 0.042106 -0.022691 10 0.034600 -0.031120

13 0.047371 -0.015865 11 0.036064 -0.02748114 0.053169 -0.007753 12 0.041759 -0.023097
15 0.059619 0.001940 13 0.045722 -0.01784016 0.066884 0.013632 14 0.050022 -0.01153517 0.075192 0.027940 15 0.054736 -0.C03933
i1 0.449933 0.461640 16 0.059977 0.0C5317EILU) 0.05735061 17 0.065907 0.016757E(CP) -0.00163612 18 0.072766 0.031243E(Le) 0.04164798 19 0.080947 0.050259

20 0.278209 0.358253
E(LU) 0.05216705
EfCP) -0.0C702486
E(LBI 0.03514712
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TABLE OF HEIGHTS (CONTINUEC)

N m I AINtPt) C(NIMI) N M I A(NtM•. C(NvPtI

22 21 1 0.010614 -0.033940 23 4 1 -0.446061 "-0.244730
2 0.013486 -0.036167 1 -0.426381 "'0.240237
3 0.016181 -0.037280 3 -0.389748 -0.226817
4 0.018819 -0.037707 4 2.262191 0.711785
5 0.021451 -0.037592 EILUI 1.10608938
6 0.024107 -0.036993 EMCP) 0.4456L957
T 0.026810 -0.035935 EtLB) 0.24151852
8 0.029588 -0.034409
9 0.032449 -0.032401 23 5 1 -0.303177 -0.194285
10 0.035435 -0.029863 2 -0.291322 -0.192554
11 0.038552 -0.026747 3 -0.267953 -0.183817
12 0.041849 -0.022960 4 -0.237079 -0.170584
13 0.045351 -0.018398 5 2.099531 0.741241
14 0.049118 -0.012895 EILU) 0.69967926
15 0.053206 -0.006235 EICPs 0.30213653
16 0.057712 0.001909 E(LS) 0.19086173
17 C.C62764 0.012027
18 0.0,18562 0.024916 23 6 1 -0.216311 -0.160479
19 0.075443 0.041976 2 -0.208505 -0.160324
2C 0.084022 0.066013 3 -0.192480 -0.154445
21 0.194480 0.29,681 4 -0.171078 -0.14489a

E(LU) 0.05153187 5 -0.145224 -0.132362
EICP) -0.00903424 6 1.933598 0.752500
EILti) 0.03212313 FRLUI 0.47641869

E(CP) 0.21524910
22 22 1 0.01' -0.030733 EILB) 0.15704731

2 0.01 -0.032859
3 0.01) -0.0339&6 23 7 1 -0.159128 -0.136209
4 0.0205s. -0.034499 2 -0.153582 -0,.37013
5 0.023056 --0.034529 3 -0.141975 -0.133009
6 0.025607 -0.034130 4 -0.126391 -0.125931
7 C.028178 -0.033325 5 -0.107499 -0.116350
8 0.030794 -0.032106 0 -0.085566 -0.104499
9 0.033464 -0.030463 7 1.774142 0.753011

10 0.036226 -0.028354 ti!LU) 0.34Z12138
11 0.039082 -0.025735 EICP) 0.15824839
12 0.042076 -0.022528 E(?B) 0.13285412
13 D.045226 -0.018638
14 0.048580 -0.013922 23 8 1 -0.119329 -0.117912
15 0.052185 -0.008184 2 -0.115104 -0.119324
16 0.056116 -0.001137 3 -0.106313 -0.116615
17 0.060475 0.007660 4 -0.094514 -0.111278
18 0.065424 0.018928 5 -0.080205 -0.103803
19 0.071237 0.033950 6 -0.0635'8 -0.094391
20 42.078445 0.055370 7 -0.0446"3 -0.083112
21 0.088381 0.090709 8 1.623725 0.746435
22 0.109526 0.209011 EMLU) 0.25608069

EILU) 0.05068421 EMCP) 0.11869505
EiCP) -0.01065184 E(LB) 0.11467125
EIIB) 0.02903621

23 9 1 -0.090463 -0.103606
23 2 1 -1.324862 -0.494478 2 -0.087031 -0.105411

2 2.324862 0.494478 3 -0.080'7 -0.103629
E(LU) 4.25371176 4 -0.070.- -0.099566
E(CP) 1.33579271 5 -0.059),j -0.093651
EMLS) 0.49445062 6 -0.046768 -0.086060

1 -0.032050 -0.076851
23 3 1 -0.711775 -0.328336 8 -0.015537 -0.066015

2 -0.674982 -0.318458 9 1.432569 0.734790
3 2.386757 0.646794 EILUI 0.19835768

E(LU) 1.95807953 E(CP) 0.09008641
EICP) 0.71369343 E(LB) 0,10049225
E(LB) 0.32586633
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FABLI OF WEIGHTS (CONTINUECN

N M4 | AINfPI) C(N.t,) N P * A(NN(J;

23 10 1 -0.068856 -0.092095 23 14 1 -0.020644 -0.0620222 -0.065905 -0.094156 2 -0.013278 -0.0644363 -0.060269 -0.093058 3 -0.014991 -0.064792
4 -0.052846 -0.089957 4 -0.011061 -0.063857
5 -0.043918 -0-085232 5 -0-006570 -0018

-0.033587 -0.079038 6 -0.001537 -0.0589667 -0-021873 -0.071429 7 0.004039 -3.055193
8 -0.008741 -0.062395 8 0.010191 -0.050500
9 0-005880 -0.051880 a 0.106959 -0.04507010 1.350115 0.719241 10 0.024395 -0.0382t3E(LU) 0.15826056 11 0.i)32581 -0.C30518E(CP) 

12 0.041605 -0.021572EL)08911283 13 0-051586 -001123614 0.891725 0.628112
23 11 1 -0-052275 -0.082619 E(LU) 0.081768102 -0.049614 -0.084845 E(CP) 0-021295853 -0.044879 -0.084262 ELB) 0.059532024 -0.038754 -0.0819025 -0.031451 -0.078106 23 15 1 -0.013858 -0.0568866 -0.023044 -0.073012 2 -0.011496 -0.0593047 -0.013543 -0o066668 3 -0.001457 -0.059848

C -0.002916 -0.059066 4 -0.004935 -0.0592219 0.008899 -0.050154 5 -0.000978 -0.05765510 0.021994 -0.039847 6 0.003395 -0.05525311 1-225582 0.700481 7 0.008206 -0.052040
EfLU) 0.12964842 7 0080 0024EIIUI 0.05237239 8 0.013472 -0.048017E(CPI0 

9 0.019220 -0.0431590.07976613 10 0.025528 -0.03738511 0.032425 -0.030636
23 ;2 1 -0.039296 -0.074667 12 0.040015 -0.0227752 -0.036802 -0.076996 13 0.048387 -0.0136573 -0.032710 -0.076807 &4 0.057669 -0.0030744 -0-027537 -0-075031 15 0.791406 0.5989115 -0.021441 -0.071973 E(LU) 0.072994676 -0.014473 -0.067761 EICP) 0.014656397 -0.006638 -0.062438 E(L81 0-054507498 0.002097 -0.055995

9 0-011784 -0.048387 23 16 1 -0.008?77 -0.05233710 0.022502 -0.039535 2 -0 005894 -0.05474011 0.034352 -0.029328 3 -C.003041 -0.055433
12 1.108163 0.678918 3 0.000172 -0.055058

EICPI 0.10879863 5 0.003709 -0.C53835EUBI 0.03959074 0 0.007575 -0.051846EILBI 0.07194033 7 0.011777 -0.049129
23 13 1 -0.028970 -0.067886 8 0.021298 -0.041565-~ ~ 0.0678N 0016298 -0.0456882 -0.026565 -0.070274 10 0.026669 -0.0364553 -0.022939 -0.07039G 11 0.032560 -0.0305264 -0.018475 -0.069079 12 0.035865 -0.0236155 -0.013288 -0.066620 13 0.036066 -0.0155596 -0.007415 -0.063126 14 0.053887 -0.0061577 -0.000851 -0.058638 15 0•0.•2596 0.00'.8208 0.006430 -0.053189 16 0.595593 0.567414

9 0.014477 -0.046619 E(LU) 0-0663085610 0.023356 -0.038975 E(CP) 0.0092061911 0.033154 -0.030114 EIL8I 
.5C6'

12 0.043981 -0.01989813 0.997106 0.654769E(LUI 0.09335412

E(CPI 0.02945680

ECIB) 0.06528043
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I

TABLE OF wEIGHTS (CONTINUED)

N M I A(NMtPt C(,PIt) I I I AINtMII C(INPI

23 17 1 -0.003655 -0.048263 23 19 1 0.003411 -0.041159
2 -C.001244 -0.050639 2 0.005909 -0.0434687

3 0.001481 -0.051447 3 0.008471 -0.044457
4 0.004455 -0.051283 4 0.011123 -0.044615
5 0.007669 -0.050345 5 0.013887 -0.044125
6 0.011133 -0.048710 6 0.016780 -0.043C60
7 0.014831 -0.046438 7 0.0197q8 -0.041470
8 0.018871 -0.043448 8 0.022996 -0.039317
9 0.023152 -0.039831 9 0.026380 -0.036600

10 0,027817 -0,035444 10 0.030001 -0.033248
11 0.032865 -0.030257 11 0.033825 -0.02q295
12 0.038384 -0.024144 12 0.037942 -0.024577
13 C.044389 -0.017027 13 0.042427 -0.0o8980
14 0.051034 -0.008672 14 0.047315 -0.012379
15 0.058398 0.001120 15 0.052660 -0.004606
16 0.066644 0.012681 16 0.058612 0.004662
17 0.603776 0.532147 17 0.065310 0.015808

E(LU) 0.06119601 18 0.072957 0.029414
E(CP) 0.00410017 19 0.430194 0.451531

E(LB) 0.04609331 ECLUI 0.05430916
EICPI -0.00217056

23 18 1 0.000194 -0.1444575 EHLR) 0.03922450
2 0.002646 -0-046912
3 0.005275 -0.047812 23 20 1 0.006104 -0.038066
4 0.008068 -0.047822 2 0.008651 -0.040298
5 0.011028 -0.047126 3 0.011168 -0.041321
6 0.014162 -0.045809 4 0.013716 -0.0415'9
7 0.017515 -0.043R66 5 0.016325 -0.041290
8 0.021048 -0.041362 6 0.019011 -0.04C466
9 0.024872 -0.03R8R3 7 0.021809 -0.039131

10 0.C28875 -0.034430 8 0.024700 -0.037336
11 0.033363 -0.029780 9 0.027785 -0.034966
12 0.038034 -0.024480 10 0.030958 -0.032134
13 0.041231 -0.018136 11 0.034420 -0.028603
14 0.048884 -0.010732 12 0.037984 -0.024:327

15 0.055157 -0.0019C5 13 0.041940 -0.019546
16 0.062143 0.008368 14 0.046153 -0.013730
17 0.070C35 0.020767 15 0.050775 -0o.C06799

18 0.515472 0.49387e 16 0.055861 0.001462
E(LU) 0.05728653 17 0.061571 0.011459
E(CP) 0.00095448 18 0.068058 0.C23716
EMLR) 0.04250454 19 0.075590 0.039106

20 0.347421 0.404070
E(LW) 0.05206387
E(CP) -0.0C478196
EILBI 0.03618730
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TABLE OF hEIGHTS (COhTIhU6I

N M I A(NtMtl) C(Noel) h m I A(Ng~tl[ CIN*1,0)

23 21 1 0.008356 0.'35111 23 23 1 0.011749 -0-029300
2 0.010952 -0.037277 2 0.0•4443 -0.031296
3 t.013441 -0.038337 3 0.016915 -0.0323834 0.015912 -0.038 !8 4 0.019296 -0.0329155 0.018403 -0.038563 5 0.021637 -0.0330146 0.02C936 -0.037940 6 0.023968 -0.032735
7 0.023539 -0.036861 7 0.02631A -0.0320938 0.026213 -0.035349 8 0.028683 -0.031103
9 0.029021 -0.033345 9 0.031120 -0.02973010 0.C031901 -0.030s90 10 0.033589 -0.027985

11 0.034969 -0.027882 11 0.036174 -0.025797
12 0.038215 -0.024224 12 0.038830 -0.02313913 0.041650 -0.019928 13 0.041635 -0.01992214 0.045352 -0.014781 14 0.044584 -0.01606015 0.049362 -0.00C853 15 0.G.67?e -0.011412
16 0.053758 -0.001297 16 0.051110 -0.00579017 0,058642 0.007615 17 0.054801 0.00108318 0.064166 0.018608 18 0.058897 0.00963319 0.070550 0.032491 19 0.063548 0.02055020 0.078160 0.050676 20 0.069018 0.03506321 0.266495 0.349764 21 0.075500 0.055713EILU) C.05040338 22 0.085149 0.089235EICP) -0.00696129 23 0.105012 0.203397E(LBI 0.03332701 E(LU 0.04846684

EMCPI -0.01O?329523 22 1 0.010228 -0.032246 H(U8) 0.02772378
2 0.012873 -0.034337
3 0.015348 -0.035418 24 2 1 -1.347247 -0.494711
4 0.017763 -0.035883 2 2.347247 0.4947115 0.02C166 -0.035864 E(LU) 4.37137282
6 0.022582 -0.035420 E:CPI 1.35771886
7 0.025037 -0.034566 E(1e) 0.49468654
8 0.027534 -0.033327
9 0.030133 -0.031612 24 3 1 -0.726858 -0.32855110 0.032777 -0.029557 2 -0.691234 -0.31909411 0.035580 -0.026447 3 2.418093 0.64764412 0.038475 -0.023825 E(LU 2.0224317613 0.041565 -0o.C0057 EiCPI 0.72859553

14 C.044837 -0.015569 E(15I 0.32618670
15 0.C48363 -0.010179
16 0.052188 -0.003701 24 4 1 -0.457513 -0.244962
17 0.056406 0*004192 2 -0.438482 -0.24065418 0.061135 0.013968 3 -0.402913 -0.227825
19 0.066561 0.026484 1 2.298908 0.713442
20 0.073001 0.042777 E(LUI 1.14713265
21 0.081024 0.065832 E(CP) 0,45695549
22 0.186420 0.285386 E(L8) 0.241q86 02E(LO)0.04922310

E(CP! -0.00876815 74 5 1 -0.312447 -0.194542E(L8) 0.03056093 2 -0.301019 -0.192877
3 -0.278309 -0.184517
4 -0.248301 -0.171890
5 2.140076 0.743825

E(LU 0.72807462
E(CP) 0.31130369
E(Ld) 0.19126190
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TABLE OF WEIGHTS ICOKlINUEUI

N M 1 AIN~t'.I) CIN*1,Dl) h P I AIN*MtI) CIN..I)

24 6 1 -0.224120 -0.160763 ?4 11 1 -0.056685 -0.083038
2 -0.216634 -0.160605 2 -0.054241 -0.065164
3 -0.201057 -0.154973 3 -0.049681 -0.084589
4 -0.180228 -0.145857 4 -0.043721 -0.082316
5 -0.155085 -0.133918 5 -0.036586 -0.078677
6 1.977123 0.756116 6 -0.028363 -0.073816

EILUS 0.49704860 7 -0.019070 -0.067786
EICP2 0.22295192 8 -0.008690 -0.060589
Eltul 0.15747334 9 0.002829 -0.052190

10 0.015559 -C.04252324 7 1 -0.165886 -0.13651q 11 1.278649 0.710688
2 -0.160606 -0.137280 EILUI 0.13520496
3 -0.149328 -0.133438 EICP) 0.056639074 -0.134146 -0.126672 EILB) 0.08029586
5 -0.115746 -0.117541
6 -0.094409 -0.106282 24 12 1 -0.043350 -0.075114
7 1.820121 0.757733 2 -0.041075 -0.077341E(LU) 0.35758552 3 -0.037150 -0.077143

E(CP) 0.16489218 4 -0.032125 -C.075425
E(LR) 0.13330255 5 -0.026171 -0.07248.8

6 -0.019351 -0.068461
24 8 1 -0.125290 -0.118250 7 -0.011678 -0.063393

2 -0.121304 -0.119593 8 -0.003130 -0.057285
3 -0.112772 -0.116987 9 0.006334 -0.05C108

-0.101272 -0.111878 10 0.016780 -0.041798
-0.087317 -0.104747 11 0.028293 -0.032267

6 -0.071114 -0.095799 12 1.162621 0.69C824
7 -0.052731 -0.065111 E(LUI 0.11310142
8 1.671800 0.752364 EICPI 0.04350525

E(LU) 0.26790847 EIL13 0.07249181
E(CPI 0.12453462
EILR) 0.11514035 24 13 1 -0.032719 -0.068363

2 -0.030535 -0.07C64824 9 1 -0.095798 -0.103970 3 -0.027071 -0.070743
2 -0.092592 -0.105691 4 -0.022744 -0.069468
3 -0.085890 -0.103970 5 -0.017683 -0.067099
4 -0.076896 -0.1C0075 6 -0.011934 -0.063752
5 -0.066000 -0.0O4425 7 -0.005499 -0.059470
6 -0.053356 -0.081200 8 0.001635 -0.054260
7 -0.039009 -0.078467 9 0.009515 -0.048088
C -0.022943 -0.068229 10 0.018189 -0.040903
9 1.532484 0.742027 11 0.027735 -0.032622

EILUi 0.20751570 12 0.038242 -0.023135
EICP) 0.09529249 13 1.052869 0.668551
ElLR; 0.10098133 EILUl 0.09664182

EtCP) 0.03305372
24 10 1 -0.073685 -0.092486 EILB) 0.06S85529

2 -0.070954 -0.094454
3 -0.065509 -0.093387
4 -0.058278 -0.090406
5 -0.049557 -0.085886
6 -0.039461 -0.079984
7 -0.028021 -0.072761
8 -0.015218 -0.064218
9 -0.000998 -0.054317
10 1."01679 0.727899

EILU) 0.16539357
EICPI 0.07341826
EILL) 0.08962194
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TABLE CF hEIGHTS (CONTIMUECI

N m I A(NPP@I3 (..I I Ak.,HI ) CIN,9'.I)
24 14 1 -0.024127 -6.062531 24 17 1 -0.006499 -0.0488912 -0.021963 -0.064844 2 -0.004321 -0.0511743 -C.018857 -0.065168 3 -0.001761 -0.0193

44 -0.015060 -0.064253 4 0.001076 -0.0517605 -0.010682 -0.062346 5 0.004211 -0.0508116 -0.005761 -0.059561 6 0.007533 -0.0492647 -0.000290 -0.055934 7 0.011242 -0.0469938 0.005750 -0.051466 8 0.015072 -0.0442379 0.012378 -0.046144 9 0.019386 -0.04070110 0.019668 -0.039899 10 0.023957 -0.03655511 0.027663 -0.032671 11 0.028939 -0.03165612 0.036447 -0.C24354 12 0.034306 -0.02598013 0.046122 -0.014814 13 0.04020 *0.01936114 0.948731 0.643985 14 0.04610. -0.011667EILUI 0 .084222 80 15 0.053823 -0.'02782E(CP) 0.02462280 
16 0.061755 0.007593

0.06013250 17 0.664373 0.556173
E(LU) 0.0618664924 15 1 -0.017105 -0.057431 EMCPI 0.007382462 -0.014969 -0.059749 ELB) 

0.04679261? -0.012092 -0.0602544 -0.008696 -0.059630 24 18 1 -0.002475 -0.0452555 -0.004850 -0.058110 2 -0.000259 -0.0475046 -0.000583 -0.055800 3 0.002201 -0.0483547 0.004161 -0.052701 4 0.004666 -0.04e3368 0.009290 -0.048895 5 0.007700 -0.0476599 0.014974 -0.044259 f. 0.010794 -0.04631810 0.021148 -0.638824 r 0.014016 -0.04448711 0.027900 -0.032498 8 0.017417 -0.0'i1912 0.035313 -0.025177 9 0.021326 -0.038815
13 0.043457 -0.016750 10 0.025182 -0.03544814 0.052436 -0.007059 11 0.029642 -0.03102015 0.849616 0.617138 12 0.034054 -0.026209

EILU) 0.07475231 13 0.039415 -0.020075EICP) 0.01774484 14 0.044838 -0.013352EIL'l 0.05513653 13 0.050958 -0.005370
16 0.057699 0.003929

24 16 1 -0.011313 -0.052921 17 0.065252 0.014885 j2 -0.009163 -0.055227 18 0.577315 0-5215873 -0.006469 -0.055875 E(LUI 0.05752515
4 -0.003385 -0.055494 E(CP) C-003460185 0.000046 -0.054297 EILBS) 00 44 8956 0.003828 -0.052365
7 0.007921 -0.0497?1
8 0.012411 -0.046465
9 0.017303 -0.042445

10 C.022558 -0.0377.S
11 0.02836R -0.032133
12 0.034639 -0.025703
13 0.041559 -3.018228
14 0.049152 -G-009617
15 0.057555 0.00034216 0.754990 00587928

E(LU) 0.06747956
E(CP) 0.01208139
EILB) 0.05072627
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TABLE OF hEIGHTS KCONTINUEL)

0

N I I AIN, 1,1 C(NtPt) N m I A(N,MII C(NP', I)

24 19 1 0.0009C5 -0.041941 Z2 21 1 0.006154 -0.036040
2 0.003164 -O0.0/4148 2 0.008506 -0.038142
3 0.005555 -0.045066 3 0.010015 -0.034151
4 0.008071 -0.045193 4 0.0131*0 -0.039493
5 0.010734 -0.044684 5 0.015514 -0.039306
6 0.013521 -0.043644 6 0.017945 -0.038667
7 0.016435 -0.042115 7 0.020429 -0.037625
8 0.019637 -0.039942 8 0.023099 -0.036040
9 0.022803 -0.037505 9 0.025743 -0.034203

10 0.026719 -0.033941 10 0.028697 -0.031687
11 0.029997 -0.030672 11 0.031580 -0.028925
12 0.034402 -0.025868 12 0.034836 -0.C25342
13 0.038730 -0.020747 13 0.038156 -0.021392
14 0.043507 -0.014657 14 0.041933 -0.016415
15 0.048732 -0.007553 15 0.045799 -0.01C844
16 0.054520 0.000812 16 0.050108 -0.C04137
17 0.060958 0.010675 17 0.054842 0.003809
18 0.068216 0.022447 18 0.060165 0.013408
19 0.493393 0.48374' 19 0.066188 0.025170

EiLUl 0.05417052 20 0.073197 0.03q8&4
E(CP) 0.00017117 21 0.333154 0.3S5179
E(LB) 0.04002428 E(LU) 0.04962788

EICP) -0.00492314
24 20 1 0.003753 -0.038888 E(LB) 0.03429611

2 0.00605? -0.041046
3 0.008399 -0.042017 24 22 1 0.008175 -0.033339
4 0.010808 -0.042259 2 0.010574 -0.035378
5 0.013294 -0.041940 3 0.012864 -0.036413
6 0.015900 -0.041093 4 13.015129 -0.036835
7 0.018611 -0.039782 5 0.017403 -0.L36782
8 0.02143f -0.038014 6 0.019717 -0.036400
9 0.024426 -0.035765 7 0.022047 -0.035464

10 0.027521 -0.033081 8 0.024510 -0.034155
11 0.031146 -0.029441 9 0.026977 -0.032554
12 0.034308 -0.025968 10 0.029650 -0.030414
13 0.038424 -0.021075 11 0.032257 -0.C28021
14 0.042551 -0.015682 12 0.035139 -0.024936
15 0.047082 -0.009322 13 0.038322 -0.021171
16 0.052019 -0.001870 14 0.041338 -0.017209
17 0.057545 0.007016 15 0.044935 -0.011998
18 0.063743 0.017651 16 0.048628 -0.006114
19 0.070809 0.030651 17 0.052763 0.001032
20 0.412170 0.441924 18 0.057327 0.009615

EtLU) 0.05159088 19 0.062480 0.020215
E(CP) -0.00259469 20 0.068458 0.033512
E(LB) 0.03705876 21 0.075549 0.050964

22 0.255757 0.341745
E(LU) 0.04816352
E(CP) -0.00687983
EILB) 0.031681i'
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TABLE CF nEIGHTS (COTIhUEE)

N M I AINMI) CINtPt|) I 4 | A(NM*|) ClN9Pt||

24 23 1 0.009865 -0.030709 25 3 1 -0.741297 -0.328748
2 0.012311 -0.032676 Z -0.706762 -0.3196773 0.014593 -0.03372* 3 2.448059 0.648426
4 0.016814 -0.034214 E(LU) 2.08530608
5 0.019018 -0.034270 E(CP) 0.74287178
6 C.02i232 -0.C33942 EeLS) 0.32648069
7 0.023451 -0.033279
8 0.025757 -0.032215 25 4 1 -0.468472 -0.245175
9 0.028049 -0.030887 2 -0.450043 -0.24'037

10 0.030536 -0.029034 3 -0.415470 -0.228150
11 0.032941 -0.02o957 4 2.333986 0.714S6212 0.035565 -0.C24275 E(LUI 1.18738033
13 0.03832q -0.%21160 EtC;) 0.46781327
14 0.041191 -0M017439 E(LW) 0.24222296
15 0.044281 -0.013616
16 0.047572 -0.007758 25 5 1 -0.321316 -0.194777
17 0.051172 -0.001443 2 -0.310282 -0.193172
18 0.055132 0.006201 3 -0.288191 -0.185159
19 0.059561 0.015675 4 -0.258993 -0.!73084
20 0.064672 0.027621 5 2.178782 0.746191
21 0.070703 0.043424 EILUI 0.75602911
22 0.078235 0.065561 EiCP) 0.32008373
23 0.17q020 0.278512 EIL8) 0.19162842

E(LU) 0.047,1383
EICP) -0.00851289 25 6 1 -0.231589 -0.161021
E(LS) 0.02914162 2 -0.22(397 -0.160862

3 -0.209240 -0.15545824 24 1 0.011248 -0.027993 4 -0.188950 -0.146734
2 0.013739 -0.029871 5 -0.164473 -0.135339
3 0.016021 -0.030917 6 2.018650 0.159414
4 0.018216 -0.031460 ERLL) 0.51744819
5 0.020370 -0.031614 E(CP) 0.23032985
6 0.022514 -0.031424 EULB) 0.15786311
7 0.024647 -0o.0C?30
8 0.026838 -0.030ngi 25 7 1 -0.172349 -0.136802
9 0.02S;015 -0.028989 2 -0.167311 -0.13752410 0.03132?1 -0.027477 3 -0.156342 -0.13383111 0.033589 -6.02I584 4 -0.141540 -0.127351

12 0.035989 -0.023440 5 -0.123602 -0.118621
13 0.038543 -0.020740 6 -0.102823 -0.107905
14 0.041131 -0.017557 7 1.863966 0.762043
15 0.043928 -0.013710 E(LU) 0.37295445
16 0.046862 -0.009153 E(CP) 0.17125667
17 O.O5OO4 -0.003639 EILBI 0.13371230
18 0.053531 0,03005
19 0.057380 0.011390 25 3 1 -0.130991 -0.118557
20 0.061783 0.021945 2 -0.127221 -0.119837
21 0.066927 0.036007 3 -0.118931 -0.117327
22 0.073331 0.055932 4 -0.107714 -0.112428
23 0.082153 0.088238 S -O.O$oO93 -0.105611
24 0.100863 0.198122 6 -0.078289 -0.097082EtLUI 0.04643549 7 -0.060385 -0.086925EICPI -0.00984533 8 1.717625 0.757767

EILB) 0.02652435 E(LUI 0.27973288
EMCP) 0.1301299825 2 1 -1.368683 -0.494926 E(LB8 0.11556839

2 2.368683 0.494926
E(LOI 4.48592912
E(CP) 1.37873247
E(LB) 0.49490321

133

-



TABLE OF hEIGHTS ICOKIthUEC)

N N A(NvNZ) CthtN,N) K P I AIN,M,J C(N,PoI)

25 9 1 -C.10C902 -0.104300 25 13 1 -0.036308 -0.0687922 -C.097898 -0.105944 2 -0.034320 -0.07C9823 -0.091397 -0.104281 3 -0.031004 -0.0710584 -0.082624 -0.100540 4 -0.026804 -0.0698195 -0.071979 -0.095134 5 -0.021861 -0.0675346 -C.059629 -0.088240 6 -0.016228 -0.0643217 -0.045632 -0.079936 7 -0.009922 -0.0602318 -0.029985 -0.070233 8 -0.0029k4 -0.055270
9 1.58C004 0.748609 9 0.004794 -0.049420E(LU) 0.21673546 10 0.013273 -0.042642EtCP) 0.10028244 11 0.022584 -0.034861EHLB) 0.10142692 1? 0.032798 -0.026010

13 1.105923 0.68094625 10 1 -C.078304 -0.092840 E(LUl 0.100124232 -0.075769 -0.094722 E(CP) 0.C36508893 -0.070501 -0.093684 EILO) 0.06637441
I -0.063450 -0.090817
5 -C.054925 -0.086485 25 14 1 -0.027463 -0.0629876 -0.045053 -0.080848 2 -0.025518 -C.0652067 -?.033874 -0.073973 3 -0.022537 -0.0655028 -).021382 -0.065870 4 -0.018860 -0.064606
9 -0.007535 -0.056515 5 -0.014588 -0.06776110 1.450793 0.735755 6 -0.003771 -0.C6C083E(LU) 0.17263602 7 -0.004406 -0.056611E(CP) 0.07791785 8 0.001530 -0.052347E(LB) 0.09008494 9 0.008022 -0.047302

10 0.015177 -0.04139325 11 1 -0.060903 -0.083415 11 0.022982 -0.0346052 -0.058654 -0.0U5451 12 0.031548 -0.026830
3 -C.054256 -0.084885 13 0.040941 -0.0179714 -0.048449 -0.082692 14 1.002942 0.6582035 -0.041474 -0.079199 ECLU) 0.0868e651
6 -0.033425 -0.074550 E(CP) 0.027821357 -0.024332 -0.068804 EILB) 0.06067302
8 -0.014184 -0.061972
9 -0.002945 -0.054030 25 15 1 -0.020217 -0.05791610 0.009446 -0.044927 2 -0.018283 -0.0601;711 1.329176 0.719926 3 -0.015551 -0.C6061:1E(LUI 0.14090683 4 -0.012269 -0.059993E(CP) 0.06073226 5 -0.008537 -0.058526EULL) 0.08077665 6 -0.004338 -0.056280

7 0.000300 -0.05331725 12 1 -0.047230 -0.075517 8 0.005319 -0.049695
2 -0.045150 -0.077650 9 0.011966 -0,0452413 -0.041377 -0.077446 10 0.016954 -0.0401494 -0.036489 -0.075783 11 0.023615 -0,0341635 -0.030670 -0.072958 12 0.03084. -0.02732,6 -0.023991 -0.069100 13 0.038774 -0.01948e7 -0.016473 -0.064265 14 0.047483 -0.C10542
8 -0.008104 -0.058459 15 1.904940 0.633385
9 0.001149 -0.051664 E(LU) 0.07673648

10 0.011340 -0.043833 E(CP) 0.0207171411 0.022540 -0.034894 EIL8) 0.05570065
12 1.214454 0.701568

ECLUI 0.11757719
E(CP) 0.04725515
E(LB) 0.072q9117
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TABLE OF hEIGHTS (CONTINUEC)

N M I ANPi,I) CiNt,'ll N m I AtNMva) C(Ntr,1l
25 16 1 -0.014226 -0.053437 25 19 1 -0.001511 -0-0425822 -C.012280 -0.055655 2 0.000536 -0-0447123 -0.009730 -0.056262 3 0.002777 -0.0455804 -0.006767 -0.055881 4 0.0051,8 -0.0457065 -0.003416 -0.054698 5 0.007784 -0.0451186 0.000228 -0.052868 6 0.010293 -0-0442927 0.004311 -0.050319 7 0.013648 -0.0422978 0.008740 -0.047138 8 0.016012 -0.04C9619 0.013383 -0.043435 9 0.019203 -0.03846010 0.018781 -0.038783 10 0.024225 -0.03405311 0.024316 -0.033639 11 0.026723 -0.03159212 0.030527 -0.027559 12 0.030579 -0.02748713 0.037271 -0.020612 13 0.034843 -0.02269014 0.044668 -0.012645 14 0.040233 -0.01638315 0.052795 -0.003537 15 0.045011 -0.01015916 0.811399 0.606468 16 0.050657 -0.002512E(LU) C.06888924 17 0.056882 0.006342E(CPj 0.01485185 

18 0.063787 0.016370E 17l 0.05131672 1 0.553170 0.511471E11U) 
0.0543005025 17 1 -0-009232 -0.049443 E(CPj 0-00244102

2 -0.007260 -0.051640 E(LB) 00 04C1 23 -0.004848 -0.052357
4 -0.002117 -0.052162 25 20 1 0.001479 -0.039587f 0.000879 -0.051264 2 0.003569 -0.0416736 0.00417? -0.049710 3 0.005756 -0.0425967 0.007815 -0.047517 4 0.008031 -0.0428168 0.011434 -0.044984 5 0.010448 -0.0424499 0.015921 -0.041405 6 0.013025 -0.04155410 0.020253 -0.0?7606 7 0.015402 -0.04056011 0.025191 -0.032939 8 0.01834T -0.03862112 0.030451 -0.027620 9 0.021346 -0.03631313 0.036231 -0.021444 10 0.024325 -0.03395314 0.042593 -0.014304 11 0.028185 -0.03012715 0.049500 -0.006173 12 0.030235 -0.02763216 0.057147 0.003248 12 0.035676 -0.02185517 0.721867 0.577320 14 0.03670? -0.017912E(LU) 0.062786i6 

15 0.043784 -0,011387E(CPl 0.00997094 
16 0.048355 -0.004818

E(LB) 0.04741317 17 0.053791 0.003245
18 0.059696 0.01267225 18 1 -0.005043 -0.045848 19 0.066471 0.0238042 -0.003036 -0.048015 20 0.473171 0.4741123 -0.000726 -0.048819 E(LU) 0.05139)344 0.001824 -0.048779 EICP) -0-000467925 0.004483 -0.048170 EfLt) 

0.037807506 0.007751 -0.046642
7 0.010435 -0.045269
8 0.014601 -0.042266
9 0.017272 -0.040246

10 0.022055 -0.036060
11 0.026242 -0.032037
12 0.030231 -0.02780913 0.035679 -0.021917
14 0.041032 -0.015644
15 0.047011 -0.008309
16 0.053506 0.000123
17 0.060779 0.009946
18 0.635905 0.545761

E(LUl 0.05802293
E(CP) 0.00588284
EILB) 0.04390460
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TABLE 2F hEIGHTS (CONTINUELI

N M I AiN.'.I) C(PP'|I N ' I A(N.,gt C(NoPt)

25 21 1 0.004015 -0.036813 25 23 1 0.007q91 -0.0'17332 0.006150 -0.038850 2 0.010217 -0.0336543 0.008301 -0.039812 3 0.012332 -0.034661
4 0.010494 -0,040124 4 0.014413 -0.0351145 0.012767 -0.039913 5 0.016',37 -0.035132
6 0.015083 -0.039304 6 0.018615 -0.034796
7 0.017547 -0.038195 7 0.020791 -0.C34C078 0.019926 -0.036894 8 0.022797 -0.0332Cý
9 0.023362 -0.034108 9 0.025487 -0.03141710 0.024924 -0.C33298 10 0.027226 -0.C3C315

11 0.028334 -0.029964 11 0.030451 -0.027371
12 P.032751 -0.025098 12 0.032439 -0.02527713 0.033983 -0.023707 13 0.034975 -0.02260014 0.038804 -0.017806 14 0.038427 -0.01820715 0.042477 -0.012817 15 0.040862 -0.014907
16 0.046778 -0.006543 16 0.044536 -0.C09371
17 0.051285 0.C00504 17 0.047835 -0.00390518 0.056394 0.009060 18 0.051722 0.003109
19 0.062243 0.019180 19 0.056077 0.011315
20 0.068693 0.031758 20 0.0607S5 0.02167921 0.395689 0.432743 21 0.066.'1 0.034261E(LUI 0.04914458 22 0.073053 0.051189E(CP) -0.00293163 23 0.245889 0.?34151E(LB) 0.03511308 E(LU) 0.04611741

E(CP) -0.0067858025 22 1 0.00616A -0.034211 ELB) 0.03C18924
2 0.008348 -0.036193
3 0.010476 -0.037183 25 24 1 0.009526 -0.0293094 0.012607 -0.037570 2 0.011794 -0.031162
5 0.014776 -0.037485 3 0.013905 -0.032175
6 0.017026 -0.036955 4 0.015953 -0.0326837 0.019221 -0. )6171 5 0.017988 -0.03'792
8 0.021340 -0.035185 6 0.020022 -0.0325749 0.024679 -0.032515 7 0.022074 -0.03201010 0.025895 -0.032125 8 0.024017 -0.031278

11 0.030229 -0.027673 9 0.026504 -0.029812
12 0.031117 -0.027074 40 0.028155 -0.02884913 0.035583 -0.021-t3 11 0.031096 -0.026352
14 0.038063 -0.018702 12 0.032808 -C.024695
15 0.041779 -0.013661 13 0.035503 -0,021765
16 0.045324 -0.0CR299 1' 0.038100 -0.01872417 C.049433 -0.001734 15 0.040722 -0.01512818 0.053748 0.005862 16 0.043591 -0.C1C70619 0.058821 0.015f)44 17 0.0467Q0 -0.005556
20 0.064336 0.026491 18 0.050125 0.00C58621 0.071016 0.040315 19 0.053932 0.C0792622 0.320015 0.386798 20 0.0579R7 0.017243EILUv 0.04741691 21 0.062967 0.02P582E(CP) -C.C0501984 22 0.068493 0.043984EILH) 0.03258909 23 0.075661 0.0'ý5216

24 0.172188 0.272C31
EILU) 0.04517886
E(CP1 -0.00826855
EfLP) 0.027e4672
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TABLE OF %EIGHTS (CONTINUECN

N M I ACNMI) CAN.Ntf • P' AIN | CNoIt|)

Z5 25 1 0.010788 -0.026796
Z 0.013098 -0.028566
3 0.015213 -0.029573
4 0.017239 -0.030122
5 0.019234 -0.030313
6 0.021211 -0.030205
7 0.023185 -0.029800
8 0.025057 -0.029207
9 C.027393 -0.028041

10 0.029004 -0.02?158
11 0.0?1672 -0.025206
12 0.0333.,3 -0.023590
13 0.035757 -0.021260
14 0.038198 -0.018529
15 0.040571 -0.015429
16 0.043268 -0.011548
17 0.046011 -0.007)08
18 0.048983 -0.001688
19 0.052348 6.003773
20 0.055864 0.013016
21 0.060199 0.023073
22 0.064907 0.036847
23 0.071049 0.056035
24 0.079353 0.087235
25 0.097016 0.193159

E(LU3 -0.00009232
E(CPI -- 0.00948561
E(LB) 0.02542407
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APMDIX D

CRAXI-B&O UFMRMfCI OF RMT UUM IVARIAM ESIM1S
E' I1M Cr MR~ W-VAUZ JUSTRIBJTIME

POT9AND SUMMM

The Veibull dist;ribution, since it was empirically derived by W. Weibull

[12] in 1939, bat been shown in innumerable eituations to provide an

appropriate model for survival populations associated vith life testing.

This distribution, which had been derived earlier by Von Rises and Fisher

aod Tippett (see Gumbel [3] ) using extreme-value considerations, is also

known as the Fisher-Tippett type III distribution or the third asymptotic

distribution of smallest values.* is explains vby the Weibull

model is often applicable when the cause of failure is characterized by

a weakest-link or severest-flaw phenomenon.

When there is no threshold below which a failure cannot occur, the

following two-parameter form of the Weibull distribution may apply:

76,blt) 8 1 - erp Ft/ 8 )1/b], t o 0

0 otherwise.

Here 6 > 0 Js a scale parameter and b > 0 determines the shape of the

distribution. The location parameter present in the three-parameter form

(when a lower failure threshold does exist) is assumed to be zero.

This two-parameter Veibull distribution can also be useful in providing

a model for populations which are not of the survival type. A recent

example is a study of the thrust build-up curves fo, a large rocket
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engine. It was found that at any specified time from engine start the

observed thrust levels for the specified engine system over many runs

could be very well described by means of the two-parameter Weibull.

It is not clear at this time why this distribution provides such a good

model for the thrust build-up process.

If any random veriable T has the Veibull distribution with parameters

8 and b, then X = log T has the (first) extreme-value distribution

of sm&!loct values, with

P(X ! X) = (x) = .- exp(-exp((x-u)/b)), b > 0.

U. b

The parameter b is a scale parameter of this distribution and

u = log 8 is the mode, a location parameter. For any estimation prob-

lem, an analysis in terms nf I rather than T will be more fruitful.

One of the difficulties encountered in dealing with the two-parameter

Weib'Il or extrane-value distribution has been the fact that agood"

estimates of the parameters are not easily obtained. The maximum-like-

lihood estimates are obrained cnly with considerable effort (iteratively),

and the mear- squared errors of these estimates are not known except in

the asymptotic case. Furthermore, since the minimally sufficient statis-,

tic for either the Weibull or extreme-value distributioi& cnsints of all

the available extreme-ralue observations (see [101). the dimension of the

sufficient statistic is equal to the number of otservations male.
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Therefore, the result of Rao [11], which guarancees that maximum-likeli-

hood estimates are the minimum-variance estimates of their expected values

(when the number of sufficient statistics is eaual to the number of

parameters to be estimated), ie not applicable when more than two obser-

.ions are made. Hence one cannot claim optimality prcperties for +he

maximum-likelihood astimates of the two Weibull parameters when the

number of obse'vations is greater than two, but not large enough for

asymptotic theory to apply.

A method in widespread use for Wiibull paramete:r estimation employs a

graphical plot which is based on fitting a linear model by approximatiiug

the method of least squares. The Weibull plot is of unaueationable value

in finding outliers or in determining whether the sample data indicate

that the population is of the prescribed type. With respect to the prob-

lem of istimation, however, graphical procedures which involvo visually

fitting the least-squares line will obviously be inferior to analytical

procedures which yield true Gauss-Markov least-squares estimates.

The least-squares or best linear unbiased estimbtes which, for- limited

sample sizes, can be found relatively easily for Pertain funntions of

the two eatreme-ralue parameters, once appropriate veights (or coeffi-

cients) have been found, enjoy all the usual asymptotic properties of

consistency, efficiency, arid normality provided by the maximum-l.kelihocd

~1
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estimatc3 (see Blom [1]). Furthermore, if the weighta for obtaining

these estimates are available, the covariance matrices of the estimates

are available as well. A recent result given in [9] ailows one to

calculate as simple furstions of the least-squares estimates aid their

covariance matrices, linear estimates which have smallest expected loss

among all linear estimates with expected loss invariant under trans-

formations of location and scale. Here loss is defined to be squared

error divided by the square of the extreme-value scale parameter. These

estimates are uniformly better than the best linear unbiased (BLU) esti-

maLes and are, in fact, the unique admissible minimax linear estimates.

They, of course, also have the asymptotic properties mentioned above plus

the property of asymptotic unbiasedness.

Calculation of the weights for obtaining the best linear unbiased

estimates (based on the results of Lieblein [7]), and frcm these the

best l iear invariant estimates of the two extreme-value parameters, has

been completed for censored samples up to size 25. These calculated

weigh-s, along with the variances and covariances of the estimates,

appear in [10]I.

Ii

Although the calculations wzre performed for sample size n ranging
from 2 through 25 (ar. extension of tables of Lieblein [8] giving values
for vi ranging from 2 through 6) the results given in [10] are through
n equal to 20 only.
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In the present report txgressims are derived for Cran4-Bao bounds for

the expected squared error oi regular Invariant estimates of extreme-

value location and scele paramters. 7he bounds are calculated and com-

pared with the mean squared error of the best linear Invariant estimates

of the two extrame-value parameters and., in addition, similar ccmparisons

are made for certain percenttles of the distribution,, for censcred fAumples

up to size 25.

All of the estiation procedm'es cnsidered above, along vith all but the

numeri-cal results given beluv, are applicable to the general case Ut

Uhich any selection of observations is censored from a size n sample.

In the following, however, it Is assxmd that only the largest n-r,

2 ! r T n., observatims are censored. 7fis assumtion corresponds to

the situatico in life testing in vhdch testing Is terminated at the time

of the rth failure. Termination of a life test In this manner (by

failure nwber) is called Ty-* 3r censmrIng to distinguish It from the

type of censoring (Type I) vherein testing Is stopped at a specified time

after the initiatin of the teot.

!
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EFFICIENCIES OF BEST LM R IVARIAh0 83TINATM OF

PARAMETERS OF THE EXTREME-VALUE DIr.-OUTION

Assume a population having the extreme-value distribution of smallest

values given by

Fub(z) = I-exp(exp((x-u)/)), b > 0. ()

The function RuW)= 1-F (x) = exp(-exp((x-u)/b)) geives the propor-

tion of the population lying to the right of the point x. Assume a

specified value R for R ub(x) and let xR be the point defined by

R = exp(-exp((x--u)!b)). Then xR = u+b log log(I/R) is the percen-

tile above which !OOf% of the population les. If R - 1/e, then

xR = u. In a life-testing situation R(x) is the proportion of the

population surviving at lcg tive x, so that if a reliability or survival

proportion R is specified, the corresponding xR is the logaritha of

the time nt which 1OIMF of the population will have survived.

Let a sice n sample be chosen from the population with distribution

(1) and let an estimate of xR be based on X(1n)• (2n .o, (r,n)'

the first r, 2 ! r ! n, of the n ordered observations. In [10]

there is considered the class of linear estimates of u, b, and XR

with expected loss invariant under location and scaler trtnsformations,

where loss is defined as squared error divided by b 2 It is shown that

1I
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the best (minimum-expected-loss) estimates in this class are linear
*

functions of the BLU estimates of u and b. Let u with varisnce

2 *2
Ab and b with variance Cb be the BLU estimates of u and b,

respectively, and let Bb2 be the covariance of the two estimates.

The BLU estimate of xR = u+b log log(l/R) is X = u i b log log(I/R),

with variance QRb 2 = [A+2B log log(I/R) + C(log log(1/R)) 2 ]b 2 . The

best linear invariant, BLI,estimate of xR is XR = u -b [B/(1+C)]

+ [b/'(1+C)]log log(I/R) E a + S log log(1/R). The expected losses for

9 and - a = [A-B2/(I +C]b2 and ab = [C/(1+C)]b2, respectively,

with E (a6' - ub) fjb2 = [B/(l+C)]b 2 . For -he expected loss is

thus •b 2 = I+ 2N log log(1/R)+U(log log(I/R)) 2 ]b 2 or

(= A + 2B log log(,I/R)+C(log log(1/R)) 2 -[(B+c log log(1/R)?/(14C)]lb2 ,

clearly uniformly less than Qb 2. One may then inquire as to the effici-

ency of this estimate with respect to any nonlinear estimate which could

be obtained.

Since the expected value of X, is equal to

u+b log log(I/R)-[(B+C log log(I/R))/(1+C)]b, this estimate is, in

general, biased. Cramer-Rao bounds for the variance of unbiaseA estimates,

therefore constitute for each r and n an incorrect standard with which

to compare the mean squared error (MSK) of estimates with thia given bias.
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The variance nQb n [AO+2BOlog log (1/R) + CO(log log(1/R)) 2 ]b 2  of an

efficient estimate of qnxR based on X(1,n), X( 2 n),...,lX(r,n) depends

upon r and n through p = r/n only. The expression giving the

appropriate lower bounds for the mean squared error of biased estimates

of x, as a function of A , B0, and CO and any given bias is derived

in Appendix D.2.

This expression for estimates of xR with bias -[(II.C log log(I/R))/(1+C)]b

is

ýt° _2BCp O)(,+C)-•B2 (1+C) +

(1+C)
2

2[B 0 (1 .c).B (C-C0 )1Lo' loZ(I1/R) +C c0+02  o(/)2

( 1+ 0 2+ (1C0y(log log(1/R)) 2 )b2

-[i-'.s2log log(l/R) + B0 (log log(1/R)) 2 ]b 2

This preliminary result is not, however, particularly meaningful as a

lower 'hound, since other good invariant estimates which are nonlinear

and have bias different from that specified may exist. A more meaning-

ful lower bound would be one for the MPE of invariant estimates of xR,
0

a natural analoguu to the classical bound which provides the

standard with which one may compare the variances of unbiased estimates

of this parameter. Expressions giving the lower bounds for the Y'E of

invariant estimates of general location and scale parameters are there-

fore derived in Appendix D.1 and applied to the location parameter xR
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(see footnote, p. 149)and the scale parameter b. These bounds for Jr

and b are

&Ob2 1A0 + 230log log (i,/) + C°(log log(,/R))2

R

-(B + Cog log (I/R))2/( , •)l b2

IA{* + 21.og log(I/R) + -CC(og log(/R)) 
2•} b 2

and [-b0/(1.C0)]b m02

respectively.

Table D.I gies vak1-. for and , with - .90 an - .95,

-and A~~~i,, and dofor 2!9n !c25, 2 ir !cn. Table D.Ij

givesavalues for 0 0A, B, C, A0, B0,C4Q and % for the same values

of R, r, and n so comparisons can be made among the various sets of

expected losses. The values for A, B, and C are obtained from [10]

as are the expressions for AO, BO, and C 0. The Cramier-Rao efficiency

of zR for any combination of R, r, and n (and with b considered

a nuisance parameter) is simply divided by Q.. Crame'r-Rao

efficiencies for ri (i, with R = 1/e and b a nuisance parameter)

will be given by P/i. Efficiencies for b with xR a nuisance param-

eter will be given by a . The values of the efficiencies of Q.90

for 2 sn c 18, 2 !cr ca appear in Table D.III.
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It can be seen from Table DZII that for n £ 18 the Cr81e'r-Rao efficien-

cies of 4.90 are greater than .86 when r is greater than 2. When

r is .iqual to 2 (X(1 ,n),,n) is a complete suffiicat statistic

for x and b, as is shown in [10]. The estimates and b,

therefore, are the unique (with probability 1) uniformly minimum-variance

unbiased estimates. It can be further inferred on the basis of the

results of Appendix D.l that, for r - 2, XR and b are beat In the class

of all invariant estimates of xR and b respectively, so that all the

bounds given in Table D.I, as veil as in Table D.II, are unrealistically

lov for r equal to 2 at least.

From Table D.I it can be observed that, for r a 8, al. of the values given

for expected loss indicate that the corresponding estimates have efficien-

cies of at leacit .84 with respeci to their lower bounds.

A comparison of Table D.1 and Table D.U shows that the discrepancy betveen

the 181 of the BLI estimates and that of the BLU estimatea is moet pro-

nounced when n is small and/or when there in extensive censoring and

when a specified I is large.
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APPENDIX D.1

CRAMER-RAO LOWER BOUNDS FOR INVARIANT ESTIMATES
OF LOCATION AND SCALE PARAMETERS

Let Y1T Y2' Y*" Yr be the first r order statistics of a size n

random sample chosen from a population with density f ,(x), where

(I&,a) is a location-scale parameterI with a > 0. Let the joint density

of Y. .2' '" YrI be ha(yl, Y2 # .. Yr' let p = r/nl, and let

Sand f be the maximum-likelihood estimates, based on YIp Y12, °.P

Yr, of LL and a, respectively.

It is assumed that the regularity conditions given in [4] are satisfied

so that the concentration ellipse of the joint distribution of any pair

of regular unbiased estimates of /n., and Ana (where the definition

of regular estimation is given in Appendix B with ( = (a,a)) contains

the fixed ellipse specified by the asymptotic variances and covarianoes

of nfi1l and fin& Thus, the variance of any regular unbiased estimate

Here, if a density f(x I) with respect to Lebeslue measure exists,
e-= (e1,02) is a location-scale parameter if and only if f(xJz)1 '-el2

= a-g(--) for some function g. If f(xzj) exists and (81,02) is
0 2 02 0)i

a location-scale parameter, then for c a known constant, (9ce 2 ,ce 2 )

K (08e,; ) is a location-scale parameter, since, '-18 X-G;)0-e .+ e ^- 8
f(W I') -) = - i_ý( ) :for some 1.

"2 2'c .2 2 •

11 2

I0

2 "i
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of /fn, where a is considered a nuisance parameter, is greater than

02or equal to nr0 , the asymptotic variance of fn;, and likewise,

the variance of any regular unbiazad estimatq of Ina is greater than

or equal to nyOa, the asymptotic va-riance of Aa (see Crame'r).

0 2 0 2The variances nt a and ny a depend upon r and n through
0 0

=r/n only, but and y are functiona of both r and n.

2
Let loss be defined as squared error divided by a and consider 3sa-

mates of O - p + no(A and a known constants) with expected loss

invariant under transformations of location ant scale. Such an estimate

has expected lose (risk) independent of p and a for all p and a.

It Is desired to find an expression giving a lower bound for the risk of

any regular invariant estimate ; of y when A = 1I a = 0 or

a = 1, A = 0.

The requirement of invariant risk prescribes a particular form for •o

Let R(qp,j) represent the expected lose of j in the general case in

which = Ap + na. R(qij) in independent of p and a for all

values of p and ci and is equal to

TcW a + I,,€--9) ]:'/o .

wheo" V(j) is the variance oZ j and '(je-) is the bias of this

estimate. Both term are greater than or equal to zero so that each

must be independent of • and a for all 0= ( Thus, since
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J*

R(R4) is equal tcOB L-"c] must be equal to 4k + ka *. where

i and or are regular unbiased estimates of % and y, respectively,

and k is independent of I and a for all 0. Tbh risk of i is

therefore of the form

O)- 2=~c(~ + k2V()

+ [z(p +

where V(*) is the variance of , Ty) is the variance of a,

* lk **
and C(I ao ) is the covariance of • and * Furthermore,

~ = [ 2Vs1  + 2 V(a~
1- ( ) +2AkC(g,1 +~ k

aý CaPaC

is independent of p and n for all 9. Therefore, V(1 ), C(, 0 ),
2P 2t 2

and V(0cT) are of the form w aand yrespectively, with

c and y positive, and for all i and a, eitthb (1) ct . and y

are all independent of I& and a, (2) a In independent of & and (

and 21k,, 0 ) a -k2(. ,), (3) y is independent of I, and s ad

2A~(~a) i4 or (4) 0 is independent of p and and

ea(P.0) 6 -k_' 1 ,.). The estimate j cannot, of c-,rse, be Invariant

if v(.) 0 unless y= ++ka for all W ard A.

One may nov make use of the fact that the correlation coefficient of

L and a is less than or equal to 1, which implies that r "
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and hence that V(q)/a 2 - £2 c+21kr'"l+ k2 y. Then, since V(ý)/Cy2 , ,

an, k are independent of p and a for ail e, if ey is a constant,

so is y. Conversely, if y is a constant, 80 is a. Also, £2 > 0

cannot be identically equal to -ky2 < 0. Therefore a, 0, and -1 are

all independent of p and a for all values of the parameters.

If R(cp,) is then minimized with respect to k, and the k which yields

the minimum valuz for R(c,ý) is substituted into the e7pression for

q, the resulting expression defines the best estimate y- of 9 among

invariant estimates based on a given p and a . Since the minimizing

k is t-jual to (m-Z8)(1+y), q is equal to

and R(q,•p), the expected loss of ý, is equal to

2 m2y
A & + 2Amo + m - (my+ £t) 2 /(1+Y).

The change in R(V,ý) induced by changes in y, 0, and y, correspond-

ing to changes in u* and a , is now considered. Since R(YM)

cannot be negative, it is clearly smallest when c, %, and y are all

zero. Moreover, R(c,•)i is equal to £2 ý 0 and aR(9,ý)/8y is

equal to (m-At) 2 /(1+y) 2 ý 0 so that R(cp,ý) is monotonically non-

decreasing in both a and y for fixed 0. It can be shown, too,

that for m = 1, 1 = 0 and for I = 1, m = 0, an increase in both

o' and y will ý,ffect an increase in R(r,ý), irrespective of any

change in 0.
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Let m =1, = 0 so that p =a and • Then, since

= 21(m-tO)/(1+y), R(a,f) is monotonically increasing

in y, independently of changes in 0. R(a,&) is also independent of

cr. Let m = 0, A = I so that cp= f and ý = ý. One may now again

make use of the fact that 0 2 ! 'y, which implies that dO & 1(y/20)dcv

and enc tha I~d~j =j[20/(1+-y)]d~t 9 [,y/(l+-y)'Idyvj. Then,an hence that 1, Then

•dR(11,) do,--y(l+-y)]Idc4 + C 2/(1+y) 2 ]dy or

dR(.k,i) z [I--y/(1+y)]d÷ + [e 2 /(1+y) 2 ]dy > 0 for dot > 0 and dV > 0.

Thus, an increase in both cy and y induces an increase in R(P,4).

Therefore, the expected squared error of L, any regular invariant

estimate of p, is greater than or equal to [Or--0/(I+y0]a2  (where

n0 is the asymptotic covariance of /'n and rai), and the mean

squared deviation of a, any regular invariant estimate of a, is
C0 O1 1]2

greater thu. or equal to Y Y/(1+y ,] a, since y k y0 and ak • oP

In order to apply this result to the parameters of the extreme-value

distribution, we let V be the location parameter xR (see footnote,

p. 12) and o be the scale parameter b. All regularity conditions

are satisfied, and the asymptotic variance of the maximum-likelihood

estimate of •-x- (correnpond±ng to nP 2 ) is

n[AO+2BOlog log(I/R) + CO(log log(1/R)) 2 ]b 2 . Likewise,

0 0 og/] 2  to 02 0 2
n[B +C log corresponds to naoa and nC b corresponds

02
to ny a Therefore, the expected squared deviations of sany regular

15
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-rivariant estimates of eR nd of b am ess08 than~ or eq~ual to

= {A + 2B log log(i/Rt) + C0(log log(1/R))2

(B (0 + 0 Olg log(1/R))2/(1+CO)} b 
2

U { 0  +~o lo(1R) 0(log log(1/R))
2} b 2

a 0 2 B lo-0? ~ /

and [C O/(i+C )]b C b,2 resn:!-tiveIY.
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APPENDIX D.2

CRAXER-RAO LOWER BOUNDS FOR ESTIMATES WITH GIVEN BIAS WREN

A NUISANCE PARAMETER IS PRESENT AND THE SAMPLE IS CENSORED

Let Ylp Y2 ' -"'' Yr be the first r order statistics of a size n

random sample chosen from a population with density f W, where

0 = (e8, e2Y, and let the joint density of Y V Y2 ' ..." Yr be given

by h8(yYy2, ...' Yr). Suppose that all regularity conditions for

fI(x) are satisfied (see Halperin [4] ) so that the maximum-likelihood

estimates 1 and b2 of 81 and '2, respectively, based on Y1.

Y2t .... Y ry converge in probability to the true values as n--'.w with

p = r/n fixed. Moreover, the concentration ellipse of the Joint asymp-

totic distribution of e and 02 lies wholly within the concentration

ellipse of any pair of regular unbiased estimates oW 0 and 02. Under1 2
the same conditions, the asymptotic covariance matrix of the maximum-like-.

lihood estimates of A8I and /Ee2 is D-1 where

Aim
D id n--> ,

""i , p f ix ed '

and 2 ________

A•j=-E 1o Y Y2' " r
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Regular estimation of 01 and 02 is defined as in Halperin [4] and

Cramer [2]. It is supposed that Y1' Y2' "..' Yr can be transformed to

new variables AV X2' ""' Xr-.2' I' 02 such that

r
he(Y1iy 2t "'" Yr) fIdyi
1Wi=

r-2

= Y drdid21d1 2

where g0( ,• 2 ) is the joint density function of 0l and 62 and

q 1 is the conditional density of

given l and 82 If Bh/Nil ?q/bei, and ag/be. exist for every

e0 and if

be <Ho(Y,Y2, ... ,yr)' < <G0(ýl,"2), < <MO(.)1,'2,..,r2P 1,)
•j •ej 3

j = 1,2, where HO; YO, Z2Go, and GO; and •O are integrable over

the whole space of (yi, Y2  ..."' Yd; il' ý2; and ' 1 2' ' X1 )12  Xr'-2'

respectively, then ,I and e2 will be called regular joint estimates of

e1 and 92.

The variance of any regular unbiased estimate of 01 is greater than or

equal to ld-1  the asymptotic variance of /Bel (see Cramer, p. 494).n t 11 '

Purthermore, since a reparameterization of f Wx) may rive

01= (8( 1 8,e2 ),S 2 ), the variance of any regular unbiased estimate of
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I(8,0 2 ), e 1 nonsingular, iG less than that of v(ei, 2) for n

It can now be shown that the following is true of the mean squared error

(MSE) of 1I, any regular estimate of 8If is a regular estimate

of 01 and the bias of 0 is k el, with k, independent of
1 21 k )2.

then MSE (li) ml(1ik 1 ) 2 d-' + (k e1)2.

If the bias of 81 is k202 , with k2  independent of 0, then
-!- 1 2 -12 _

MSEO.it -(d 1-+2k 2 d , 2 +k2 d2 , )+(k 2 02 )

Proof:

If e has bias kiel, then E() = +k = (1+k)01. If a re-
1 1 111 11

parameterization is made so that B = ((1+k )e 1 ,0 2), then, since

h8 ,e2(YipY 2 p.."Yr) = l1+kj)08,8 2 (y1'y2'D-"Yr)' ql1 is by definition

a regular unbiased estimate of rE(1+kI )eI with variance greater than or

equal to the variance of the maximum-likelihood estimate of /n-(1+kI )e1

as n---cw, p fixed.

If 0 has bias k2 2 , chen E(iI) = 1+k2 02  and A79, is a regular

unbiased estimate of A(0 1 +k 2 62 ) with variance greater than or equal

to the maximum-likelihood estimate of this parametric function of 01

and 02 as n--e=, p fixed. Then since the maximum-likelihood esti-

mate of 180 + c2a2is c a + c with variance

cVar(b )+2ccCov(e ~+c2Var() ,XSE Z- -(l+k ) 2 d 1 + (k a1)
1 n I 1 1 1
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1 - 2 1 )(k eo)2
when E(b 1 ' = (1.k )e8, and MSE(e )Z!(dl, 1 +2k., kd- 222 2

when E( 1) = 0 +k2 92

It should be noted that this result agrees with one concerning more

general forms of bias, which could be fairly directly derived for the

uncensored case on the basis of a lemma of Hodges appearing in [6]. If

this derivation is made for the case of a single unknown parameter

(e = 01, with E(RI) = e + bias as it is in [(] for a Gaussian distri-

bution with unknown a, the bound obtained is larger than that given

by Cramer in [2] for the single-parameter case.

For the problem considered in this paper all regularity conditions are

satisfied. The parameter point 0 = (6 ,e2) is given by

I = XR = u + b log log(1/R) and e2 = b, and the prescribed bias is

[-(B+C log log(1/R)/(I+C)] b = k2 b, with k2 a function of R, r, and

n.

The covariance matrix n-I for joint efficient estimates of xR and

b is

[AAO + 2B0 log log(1/k) + C0 log2 log(I/R)]b2  [B0 + C0log log(m/R)]b2

BO+ C 0log log(l/R)j]b2 C0b2

Thus, the Cramer-Rao lower bound for mean squared error of estimates
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of xRwith bias k 2b, is

2rBO(l+CQ1B(C-CO)11og log(l/R) + (Cý2fo log(1/Rlb 2

Likewise, the corresponding bound for estimates of b(e I=b, 0 2 =xR)

with bias £-/lCl k 1b is [(CO+C2)/(1+C)2 ]b 2.
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